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The method of types

Given a string x" = (x,...,xn)E[d]" [d]:={], ..., d}

define the type of x" to be the letter frequency distribution:
t=T(x") = (t, ..., td)
where tc:= [ {j:x=c}|.




Properties of types

|. Size of type classes is given by entropic expression

n n!
7= (") =
t t ...t

(n+ 1) exp(nH(t)) < |7;| < exp(nH(t))

2. Number of types is polynomial
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types and i.i.d. sources

Further note that:
|. p®"(x") depends only on the type of x"

(i.e. conditional on the type, x" is uniformly distributed)

2.The observed type t is closely concentrated near p.
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Applications of types

Data compression:
Given a string x" drawn from an i.i.d. source p®"

represent it using =nH(p) bits.

Algorithm:
I Transmlt the type t usmg O(Iog n) b|ts
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Alternate perspective
on types

Divide a type t (e.g. t = (2,5,2,3)) into
a list of frequences A (e.g. A = (5,3,2,2))
and a list of corresponding letters q (e.g. q = (b, d, 3, ¢)).

Note that:
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symmetries of (Cd)@r
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The Schur Transform

/

i) ——

lip) —— * o)
= USch

- — P
WES s ‘in>—

b e oy » i iy R T | e A PR \ - . o e B ."'--‘._'. o - _-_‘._,. .: -.: |V“"_ e
R *‘"' R -- e f‘w,-t:a Rt e s ;.-_=..*;'_.-'-_.-.- AR " i

U.. U..
R;\(n:)




Properties of the Schur
basis

| |Par(n,d)| < (n+1)¢ ~ poly(n)
. dim Q¢ < (n+ 1)¢

1 i i
3. Ehaies = H
poly_(n) exp(nH(A)) < dim Py < exp(nH(A))
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Schur duality applications

Entanglement concentration:
Given | ,5)®", Alice and Bob both perform the Schur transform,

measure A, discard O, and are left with a maximally entangled state in
P, (by Schur’s Lemma) equivalent to log dim P, ~ nS(~) EPR pairs.

Hayashi and Matsumoto, Universal entanglement concentration. quant-ph/0509 140

Universal data compression:
Given p®n, perform the Schur transform, weakly measure A, and we obtain

77. with dimension ~ exp(nS(p)). (7» and Qx can be sent uncompressed)
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Joint types

Classical noisy channel:
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Classical Reverse
Shannon Theorem

Goal:

Simulate n uses of a noisy channel N using shared randomness and an
optimal (=n maxpx) 1(X;Y)) rate of communication.

Approach:
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quantum channels

Church of the Larger Hilbert space:
Purify the input and output of a channel to obtain a tripartite pure state.
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quantum joint types

Two definitions of feasible joint types:

. (Spec WA, Spec B, Spec PE) if [\p)ABE is the output of one use of V.
2. (Aa, Ag, Ae) such that <1P‘ [Ha® 1 e |ll)> = € for some N))ABE

resulting from n uses of )V

Results:




normal form of i.i.d. channels
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Tripartite Sp-invariant
pure states

Obtained e.g. by purifying (p”B)*".
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Application: additivity of
minimum output entropy
Smin(N) := miny S(MW))

Additivity question: Does Smin(A/i®A2) = Smin(A/1) + Smin(A2)?

Equivalently: Does limn—< Smin(A/*") / n = Smin(A)) ?

Our result: minpyesymncd 2 N Smin(A) - o(n)
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Application: Quantum
Reverse Shannon Theorem

Goal: Simulate A/®" using an optimal rate of communication.

Establish qualitative equivalence of all channels.

|dea: Previously constructions were known for i.i.d. input, or for
inputs restricted to a single value of Aa and qa.
To generallze Allce Sp|ItS her |nput accordlng to Aa and qa and
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Entropy-increasing quantum channels

Result: If S(A1P))>S(p) for all p then A" = >y pvVy, where {p\} is

a probability distribution and {V\} are isometries.

Related to quantum Birkhoff conjecture: If A/is unital (i.e. AAl/d)=I/d, or
equivalently, da=ds and S(A(p))2S(p) for all p) then A" = 3y pyVy,

where {pv} is a probability distribution and {Vv} are unitaries.

Noisy state analogue: For any state pag, one can decompose pag®" as a




Future research directions

|. The quantum Birkhoff conjecture.

2.Applying the Schur basis to core questions of quantum information
theory: additivity, strong converse of HSWV theorem, coding.

3.Analyzing product states, e.g. in HSWV coding.

4. Performing more protocols efficiently.
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