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Abstract—Plant structure is utilized for the simplification of
system analysis and controller synthesis. For plants where the
directionality is independent of frequency, the singular-value
decompositioin (SVD) is used to decouple the system into
nominally independent subsystems of lower dimension. In
H,- and H_-optimal control, the controller synthesis can then
be performed for each of these subsystems independently,
and the resulting overall SVD controller will be optimal (the
same will hold for any norm that is invariant under unitary
transformations). In H.-optimal control the resulting
controller is also super-optimal, since a controller of
dimension n X n will minimize the norm in n directions. For
robust control in terms of the structured singular value u, the
SVD controller is optimal for a practically relevant class of
block-diagonal structures and uncertainty and performance
weights. © 1997 Elsevier Science Ltd.

Nomenclature

D block-diagonal scaling matrix;

F, lower linear fractional transformation (see (5));
G(s) = UZs(s)VY: transfer-function matrix for the plant;
K(s) transfer-function matrix for the controller;

M(s) matrix whose norm is to be minimized in the
controller synthesis;
Mo(s) matrix M(s) with the weights removed;

n plant dimension (n X n);

N(s) interconnection matrix for the synthesis problem;

R ‘real Fourier matrix’; real, unitary eigenvector

matrix for symmetric circulant matrices;
s Laplace variable;
U output singular vector matrix of the plant G(s);
Uo; output singular vector matrix for output weight i;
V input singular vector matrix of the plant G(s);

Vi input singular vector matrix for input weight i;
Wi(s) = diag {W,,(s)}: block-diagonal matrix of weights for
the inputs to M(s);
= diag {W,,(s)}: block-diagonal matrix of weights for
the outputs from M(s);

A block-diagonal matrix of perturbations;

Wols)

4; ith block on the diagonal of A (of the same size as
G(s));
1 structured singular value;
o singular value;
o largest singular value;
Z(s) matrix of singular values;
o frequency.
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Subscripts
1 input to synthesis problem;
O output from synthesis problem;
i block i on the diagonal of a block-diagonal matrix,
j singular value j.

Superscripts
H Hermiatian (complex-conjugate transpose);
denotes that the matrix has been transformed by
pre- and postmultiplication with unitary matrices.

1. Introduction
In this paper we study SVD controllers, which we define to
have the form

K(s) = VEg(s)U", 1)
where Zx(s) is a diagonal matrix with real rational transfer
functions on the diagonal, and U and V are real unitary (e.g.
orthogonal) singular vector matrices that are derived from a
singular-value decomposition (SVD) of the plant G(s). Here
H indicates the Hermitian (complex conjugate transpose),
which for real matrices is equal to the transpose, i.e.
UH=UT,

SVD controllers have been studied previously by Hung
and MacFarlane (1982) and Lau er al. (1985). In both these
references the SVD structure is essentially used to counteract
interactions at one given frequency, since the problems
considered are such that U and V change with frequency.
However, in this paper we consider a class of problems for
which U and V are constant at all frequencies and can be
chosen to be real. Restricting our attention to these cases
allows us to address the optimality of the SVD controller for
H,-, H.- and p-optimal control. To be more specific, we
consider plants G(s) of dimension nXn that can be
decomposed into

G(s)= UZs(s)VY, Zg(s) = diag{oci(s)}, @
where the output and input rotation matrices U and V are
constant real unitary matrices, and Z5(s) is a diagonal matrix
with real rational transfer functions on the diagonal. The
requirement for Z;(s) to have rational transfer-function
elements arises because we use state-space-based controller
synthesis methods, and need the elements to be realizable.
Restricting U and V to be real implies that the controller
K(s) will always be realizable, provided that Z.(s) is
realizable.

Equation (2) is the singular-value decomposition of the
plant G(s), with the slight modification that the diagonal
elements of Z(s), which we shall refer to as singular values,
have phase, and without necessarily requiring that the
singular values in Z5(s) are ordered according to their
magnitudes. At a given frequency, any transfer function can
be decomposed into its singular-value decomposition, but we
are here assuming that the rotation matrices U and V are
independent of frequency. In this case the singular-value
decomposition can be used to decompose the plant into n
‘subplants’ o;(s) (the diagonal elements of Zs(s)). To
simplify the presentation, in this paper we consider only
SISO subplants, but it is straightforward to generalize the
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results to cases where unitary transformations decompose the
plant into MIMO subplants; that is, Z;(s) is block-diagonal
(for details see Hovd and Skogestad, 1994a).

The two main contributions of this paper are to show that,
under certain mild conditions on the control problem
weights, there exists an optimal SVD controller for a plant of
the form in (2), and that the controller design can be
simplified for such problems. The basis for these results is
that the H, and H.. norms

o B
M= \/5; [ Trace (MM (jo)) do.
IM(5)1. = sup G(M )

are invariant under unitary scalings. To make use of this
property, we must have that not only the plant but the
control problem as a whole (including the weights) can be
‘diagonalized’ by unitary matrices. For the diagonalized
problem we show that there exists a diagonal controller that
is optimal, from which an optimal SVD controller for the
original problem can be constructed. Furthermore, controller
design is simplified, since the elements of the diagonal
controller can be obtained by performing controller synthesis
on n independent subsystems involving Z(s). We show that
in the H.. case the resulting controller is super-optimal, since
the norm is minimized in the worst direction for each of
these subsystems.

These results have not to our knowledge been presented
before in the literature, at least not in this general form. This
is somewhat surprising, since plants of the form in (2) are
common in practical applications. This paper extends the
results of Hovd and Skogestad (1994a), by proving that,
under certain conditions, an SVD controller is optimal when
we consider robust H. performance (i.e. u-optimal control)
and have model uncertainty, which allows for plants that may
not be of the form in (2) (although the nominal plant is of
this form). In particular, we find that, with some mild
conditions on the weights, the results holds for any
combination of full-block (unstructured) and repeated
diagonal complex uncertainty.

2. Examples of planis described by SVD

In this section we provide examples of plants that can be
expressed in the form given in (2). The multivariable
directionality of these plants, as expressed by the two
singular vector matrices U and V, does not change with
frequency, and U and V are real. The following two classes of
plants are of special interest in applications:

A. Plants with scalar dynamics multiplied by a constant
matrix. Let
G(s) = k(s)A, (3)

where A is a constant real matrix. Plant models of this form
occur frequently in practice, at least in the chemical process
industries, where the control engineer often chooses to work
with very crude models.

B. Symmerric circulant plants. Plants with symmetric circul-
ant transfer matrices are common in practice, and include a
large number of processes with come symmetric spatial
arrangement. Examples include paper machines where edge
effects are neglected (Laughlin er al, 1993; Wilhelm and
Fjeld, 1983), dies for plastic films (Martino, 1991), and
multizone crystal growth furnaces (Abraham and Lunze,
1991). In general, all symmetric circulant matrices can be
diagonalized by the same unitary matrix; that is

C(s5) = RVA~(s)R. 4)

where R is the real Fourier matrix (for details see Hovd and
Skogestad, 1994a). This is of the form in (2), with
U=V =R".

A subset of circulant symmetric matrices are called parallel
matrices, and are described by P =al + bE, where [ is the
identity matrix, E is a matrix with each element equal to one,
and a and b are real scalars. Parallel transfer function

matrices occur frequently in the process industries, and arise
whenever there are identical units in parallel that interact
with each other. Examples are found in distribution
networks, when there are parallel units (e.g. reactors,
compressors, pumps and heat exchangers) in a chemical plant
(Shinskey, 1979, 1984; Hovd and Skogestad, 1994a), in
electric power systems (Lunze, 1986, 1991), in adhesive
coating provesses (Braatz et al., 1992) and in communication
between ships (Hazewinkel and Martin, 1983).

Remark. The set of plants given by (2) is more general than
the two classes A and B given above, since the first class only
includes plants for which the diagonal elements of X(s)
have the same dynamic behavior, and the second class only
includes plants for which U = V.

3. SVD control problem

In this section we consider plants that can be decomposed
into G(s) = UZ;(s)VH (as shown in (2)), and define more
exactly the class of control problems covered by the results of
this paper. For a general control problem, M(s) is the
closed-loop transfer function between external input signals
(e.g. disturbances, noise and references) and external output
signals (e.g. control error and error signals), which we want
to keep small. The closed-loop transfer function M(s)
depends on the controller K(s), and the controller synthesis
problem is to minimize ||M|| over the set of all stabilizing
controllers K. Typical choices of norm include the H, and the
H., norms (this is generalized to the structural singular value
for the case with model uncertainty). The general class of
SVD problems covered by the results of this paper are
described below.

Definition 1. (SVD problem.) Consider an n Xn plant
G(s) = UZ;{s)VH. where U and V are real orthogonal
matrices and Z;(s) is a diagonal transfer-function matrix.
Consider a control problem where the objective is to design a
feedback controller K(s) that minimizes a unitary invariant
norm of
M(s) = Wols)Mo(s)Wils),
where
M(s) = Fi(N(s), K(s))
= Nyi(s) + Nio(8)K()[1 = Naoa($)K ()] ' Nay(s). (5)

The interconnection matrix N(s) is a function of the plant
model and the weights, but is independent of the controller
K.

The weighting matrices Wp(s) and W(s) are defined to be
block-diagonal, with each block having dimensions com-
patible with the dimensions of the subblocks containing G(s)
and K(s) in My(s):

Wols) = diag {Wou(s)}, Wouls) = UoZ W(,,(S) v,
Wi(s) = diag {Wi(s)},  Wi(s) = Uy Zw, (SIVE,

with Vy,, and Uy, satisfying

* Vo= U when W,(s) premultiplies G(s) in subblocks of
M(s):

s Vi, =V when W,(s) premultiplies K(s) in subblocks of
My(s):

e U, =V when Wy(s) postmultiplies G(s) in subblocks of
M(s).

* U, =U when W;(s) postmultiplies K(s) in subblocks of
My(s).

In the above definition the terms ‘premultiply’ and
‘postmultiply’ are used in a general sense; for instance, in the
formula Wo(/ + GK)™'W; the weight W, premultiplies G
and W, postmultiplies K. There are no requirements on the
other matrices in the weights, other than Uy, and V|; being
unitary and Zy,(s) and 2y, (s) being diagonal.

Remark 1. The definition of an SVD control problem may
seem restrictive and complicated, but the conditions on the
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weights are satisfied for most problems with a plant of the
form G(s) = UZs(s)VH.

Remark 2. Essentially, the weights must be consistent with
the plant G(s), such that, after substituting G(s)=
UZs(s)VY and K(s) = VE(s)UY into My(s), the unitary
matrices U and V are cancelled by the weights when forming
M(s), in the sense that we can write M(s) = UoM(s)VT,
where all the blocks of M(s) are diagonal. A similar
transformation may be used to obtain a block-diagonal N(s),
but, since N(s) is independent of the controller, we do not
need to assume an SVD controller to achieve this. This is
important when proving that the SVD controller is actually
optimal (see the next section).

Remark 3. Scalar-times-identity weights W{s) = w(s){
always satisfy the conditions of an SVD problem, since
w; ()] = Uw,(s)UM = Vw,(s)VH.

4. H,- and H.-optimal control
For an SVD problem, N(s) will be such that there exist
block-diagonal unitary matrices

Uy = diag{diag {Uo;}, U}, Vw =diag{diag{V,;}, V} (6)
such that
N(s) = URN(s)Vw M

is a matrix consisting of diagonal subblocks. The rows and
columns of N(s) can be rearranged to give a block-diagonal
matrix, for which an optimal controller K can be constructed
by solving # SISO independent optimal controller synthesis
problems for each subblock (this is proved in Hovd et al,
1996). An optimal SVD controller for the original N is
constructed from K = VKU!. The result also applies to any
other norm that is invariant under unitary transformations.

Theorem 1. (H,- and H.-optimality.) Consider an SVD
problem (Definition 1). Then

(i) There exists an SVD controller that is H,
(H..)-optimal.

(ii) The optimal controller can be computed by designing
n independent SISO H, (H.)-optimal controllers, one
for each of the SISO subplants of the plant.

(iii) For H.-optimal control, this controller is super-
optimal; that is, the H. objective is optimized in »
directions.

Proof. See Hovd et al. (1996) for a detailed proof and Hovd
and Skogestad (1994a) for a more general but less detailed
proof. O

Remark 1. The number of states of the controller computed
via Theorem 1 is equal to the number of states of a controller
based on regular H.. synthesis (Hovd et al., 1996). That is, for
this class of problems, super-optimality does not require a
controller with a higher number of states.

Remark 2. In general, we solve n independent synthesis
subproblems of low dimension. In some cases the problem is
even further reduced in size, since some of these
subproblems are identical. For example, for the case of
symmetric circulant systems we need only solve i(n+1)
SISO problems for odd n and 4n + 1 problem for even n. In
the case of parallel processes we need only solve two
independent subproblems (since n—1 subproblems are
identical). For details see Hovd and Skogestad (1994a).

Remark 3. The theorem may be generalized to cases where
the subplants og,(s) are matrices. For example, see Hovd
and Skogestad (1994a), which considered the special case of
symmetric circulant plants.

5. u-optimal control
In this section we shall generalize the H. problem studied
above to the design of robust optimal controllers. This

control problem results when we introduce model uncer-
tainty and want to minimize the H. norm for robust
performance, or alternatively want to optimize robust
stability.

5.1. The structured singular value. The structured singular
value u takes uncertainty in a feedback system explicitly into
account. Readers not familiar with the structured singular
value are referred to Doyle (1982); only a very brief
introduction will be given here. The uncertainties in the
system are modeled with H. norm-bounded perturbation
blocks with weights to normalize the maximum singular value
of each perturbation block to unity. The block diagram for
the feedback system is then rearranged to give an
interconnection matrix M(s) and a block-diagonal matrix A
with the perturbation blocks along the diagonal (see Fig. 1).
If A is a full matrix (i.e. A has no structure}, the controller
synthesis problem is a H.. problem, and is covered by the
results of the previous section. Otherwise, the structured
singular value is needed to account for the uncertainty in a
nonconservative manner.

The structured singular value with respect to the
uncertainty structure A is defined as

0 if there does not exist A such
that det (/ + MA) =0,

u(M)= -1
l:mAin {G(A) | det (T + MA) = 0}] otherwise.

®

Currently no simple computational method exists for exactly
calculating u in general, and recent work suggests that an
efficient exact method is most likely not possible (Braatz ef
al., 1994). This motivates the common practice, which is to
compute instead the upper bound

p(M)<inf DMD™), 9)

where D is an invertible matrix with a structure such that
D' AD = A, For example, D = dI if A is a full matrix, and D
is a full matrix if A is repeated-diagonal (A= é/). For
complex uncertainties the upper bound (9) is equal to u for
three or fewer full blocks (Doyle, 1982), and usually within
1-2% when there are no repeated blocks (Balas et al., 1991).
A controller that minimizes the upper bound for p in (9) will
be said to be DMD ~!-optimal.

Another reason for using the upper bound is that the goal
of the most popular procedure for designing robust
controllers, called DK iteration, is to minimize the upper
bound. Also, when all the uncertainties are full and complex,
the upper bound is a necessary and sufficient condition for
robustness to arbitrarily slow time-varying linear uncertainty
(for details see Poolla and Tikku, 1995). It can be argued that
this uncertainty description may be more useful for practical
control problems.

The standard DK-iteration procedure (Doyle and Chu,
1985) attempts to find the DMD ~'-optimal controller. DK
iteration involves alternating between the following two steps
until the upper bound is no longer minimized.

D Step. Find D(s) to minimize frequency-by-frequency the
upper bound on g in (9).

K Step. Scale the controller design problem with D(s), and
design an H.-optimal controller for the scaled design
problem DMD ™.

Although convergence to the global optimum is not
guaranteed, DK iteration appears to work well for processes
of low dimensionality (Doyle and Chu, 1985).

Fig. 1. Equivalent representations of system M with.
perturbation A.
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5.2. Structure of the uncertainty. It is important to note that
A often has two levels of structure. First, A is often composed
of subblocks A, of the same size as G:

A = diag {A,). (10)

These subblocks may represent different sources of
uncertainty in the system. For example, actuator uncertainty
is located at the input of the plant, and is commonly modeled
as muitiplicative input uncertainty, i.e. A, = A,. Second, each
subblock A; may have structure to reduce conservatism. For
example, actuators may not influence each other. so
uncertainty associated with these actuators would be
described by a diagonal A;. The most common (and useful
structures for the subblocks A, are

¢ full block uncertainty, where A; is a full matrix;

+ independent diagonal uncertainty, A, =diag{8;}, j=
1,...,n, is a diagonal matrix,

 repeated diagonal uncertainty, where A, = §,/, j.e. a scalar
uncertainty §, multiplied with an identity matrix.

5.3. w-optimality of SVD controllers. The uncertainty
weights must satisfy certain conditions to ensure p-optimality
of the SVD controllers.

Definition 2: Robust SVD problems. Consider an SVD
problem with M(s) = W,(s)My(s)W,(s) as in Definition 1.
and multiple sources of uncertainty A=diag{A}, as
illustrated in Fig. 1. In addition to the requirements of
Definition 1 the weights Wo, = UoZw,(s)V8(s) and
Wy = UpZw, (s)Vil(s) related to each A; should fulfill the
following:

(i) Uy, =V|; for all repeated diagonal uncertainty,

(i) Uy, = Vj; =1 for all independent diagonal uncertainty.
A, =diag {6} k=1,..., n.

Remark 1. For a ‘full’ (unstructured) uncertainty block A, no
further requirements on the weights are needed.

Remark 2. Requirement (i) for repeated diagonal blocks
holds regardless of the uncertainty’s location when the plant
is described by a normal transfer-function matrix (e.g.
symmetric circulant plants) and the weights are repeated-
diagonal.

Remark 3. Requirement (ii) on the weights for independent
diagonal uncertainty is very restrictive. For example, it allows
for scalar-times-identity weights only for cases when U or V
are equal to the identity matrix (that is, the inputs or outputs
to the plant are naturally aligned in the direction of the
singular values).

Now we show that for this class of problems the
interconnection matrix N can be pre- and postmultiplied by
block-diagonal unitary matrices to arrive at an equivalent
interconnection matrix N consisting of diagonal subblocks.

Lemma 1. Let N be defined as in (6) and (7). For
pu-optimality and DMD™!-optimality of robust SVD
problems (Definition 2), the ‘diagonalized’ control problem is
equivalent to the original problem. in the sense that

min p (F(N, K))=ml_<in#(F/(N,1?)). (n
min inf [DF(N, K)D '] =min inf [DF(N, K)D '], (12)
K D K D

where both u problems are with respect to the uncertainty in
the original control problem, and the structure of the D
matrices in both DMD ™! problems is compatible with this
uncertainty.

Proof. In the block diagram for the system, replace G with
UZ;(s)V"Y, and substitute in the weights Wy,(s) and W,(s).
Rearranging the block diagram (see Fig. 1) gives N with

diagonal subblocks, with the subblocks of A given by
A, = ViA,U,,. Note that, under the assumptions on U,
and Vj; in Definition 2,

(i) A, is full if and only if A, is full;

(i) A, is repeated-diagonal if and only if 4, is
repeated-diagonal;

(i) 4&; is independent-diagonal if and only if A; is
independent-diagonal.

Thus in Fig. 1 the middle block diagram is equivalent to the
rightmost block diagram.

A similar argument holds with regard to the upper bound
of p. Under the assumptions on Uj; and V,,, for each
diagonal or full block A, the corresponding D; and its inverse
commute with Uy; and Vj,,. For repeated diagonal blocks the
U,; and V,,, can be absorbed into the D,. O

The following results on the optimality of the SVD
controller follow from Theorem 1 and Lemma 1.

Theorem 2. (DMD ~'-optimality). Consider an SVD problem
where the objective is to minimize sup, min, |[DMD ™.,
where D' AD = A. Assume that all uncertainty blocks A,
are full blocks. Then

(i) there exists an SVD controller that is optimal;

(1) if DK iteration is used to obtain the optimal controller,
the K step (with fixed D) consists of n independent
SISO H.-optimal control problems, one for each of
the SISO subplants a; of G(s).

Proof. Let N denote the interconnection matrix correspond-
ing to M, where N has a block structure corresponding to the
uncertainties A;. With fixed D scales, we may absorb D and
D 'into N to get

Np=DND-' D =diag{D, I}.

We are then left with an H. problem in terms of Np. Since
all uncertainty blocks A; are full, the D scales are of the form
D =diag{D;}, D;=d,I.. Then the only difference between N
and Np will be that of the off-diagonal blocks are multiplied
by scalars. Thus the structure of each block in N, will be the
same as in N, and we can use the transformation
Np(s)= U¥N(s)Vy, to obtain an N, with diagonal blocks.
Subsequent permutations yield a block-diagonal Np. This
implies that for a fixed D there exists an optimal SVD
controller that can be obtained by solving n independent
SISO H.. problems. Since an SVD controller is optimal for
any fixed D, this structure must also be optimal for the
optimal D. O

Theorem 3. (u-optimality.) Consider a robust SVD problem
where the objective is to minimize sup,, u(M). Assume that
all uncertainty blocks A; are diagonal (repeated or
independent) except possibly one full block. Then

(i) there exists an SVD controller that is optimal;

(ii) the p-optimal control problem decouples into n
independent SISO u-optimal control problems, one
for each of the SISO subplants of the plant.

(1ii) For the case in which one of the uncertainties is a full
block, the full block can be replaced by a diagonal
(repeated or independent) block without affecting the
value of the u objective.

Proof. If all uncertainty blocks A, are diagonal (including
repeated diagonal uncertainty) then the system consists of
independent subsystems. If one uncertainty block is full then
the diagonal uncertainty blocks can be absorbed into the
interconnection matrix to get a ‘reduced’ N that still consists
of diagonal subblocks after absorbing the diagonal
uncertainty blocks. Whatever the values of the diagonal
blocks, Theorem 1 implies that an SVD controller is optimal
for this ‘reduced’ control problem. Thus an SVD controller is
optimal for the original x problem. Since the M matrix for
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the ‘reduced’ control problem is diagonal, the full-block
uncertainty block can be replaced with repeated scalar blocks
without affecting the value of the worst-case performance
objective. Hence all of the uncertainty can be taken to be
diagonal, and the p-otpimal control problem decouples into
n independent SISO p-optimal control problems. |

The above results complement each other in that Theorem
2 handles one form of uncertainty (full) and Theorem 3
handles the other (diagonal). Both types of uncertainty can
be handled by assuming that u is equal to its upper bound.

Theorem 4. (u and DMD ™! optimality.) Consider a robust
SVD control problem (Definition 2), and assume that x is
equal to its upper bound (9). Then
(i) there exists an SVD controller that is u-optimal;
(i) for the DK iteration procedure, the K step consists of
n independent SISO H.-optimal control problems,
one for each of the SISO subplants of the plant;
(iii) for repeated diagonal uncertainty, D, can be taken to
be diagonal rather than full in the D step.

Proof. All diagonal blocks (repeated or independent) can be
absorbed into the interconnection matrix N without changing
its structure. By Theorem 2 an SVD controller is optimal for
this ‘reduced’ control problem for all values of the diagonal
blocks. Thus an SVD controller is optimal for the original u
problem.

For independent-diagonal and full-block A;, D; is diagonal
and cannot induce interaction between individual subprob-
lems. This also holds for D; corresponding to repeated-
diagonal A; = §;I. To see this, again consider the ‘reduced’
control problem. If the D; corresponding to the repeated
diagonal blocks introduced interaction between subproblems,
they would effectively allow for a larger class of uncertainty
than the original uncertainty description.

Scalings D; that do not cause interactions between
subproblems are parameterized by unitary-times-diagonal
matrices. The unitary matrices do not affect the value of the
H.. norm, so can be ignored. 0O

The assumption that u is equal to its upper bound is not
restrictive (see Section 5.1).

Theorems 1-4 state that there exists an optimal SVD
controller for classes of problems of engineering interest.
Hovd er al. (1996) consider other classes of problems for
which an SVD controller may not be optimal, but where a
substantial simplification in system analysis and controller
synthesis results in selecting the controller to be of SVD
form. In particular, conditions are given on the weights and

Table 1. Algorithm for p-optimal SVD controllers using DK
iteration

1. Test whether the problem is a robust SVD problem as
given by Definitions 1 and 2. If the structure of an
uncertainty A, and its corresponding weights W,(s) do not
satisfy Definition 2, then an SVD controlier may not be
optimal. To use the design procedure, treat the
uncertainty as a full block, realizing that this is potentially
conservative.

2. Form N(s) as given by (7) and rearrange it such that it is
block-diagonal. ~

3. Delete all identical subproblems in N.

4. K step. Design an H.-optimal controller for each
independent unique subproblem, and collect the optimal
K ,(s) (without repetitions) into a diagonal matrix.

5. D step: Calculate the tight upper bound on g in (9) and
obtain D(s). Return to Step 4 until DK iteration
converges. -

6. Collect the optimal Ks) (including repetitions for
identical subproblems) into a diagonal matrix Z.(s).
Form K(s) = VE(s)UH.

7. If the DK-iteration procedure converged to the global
minimum then this would be the p-optimal controller
under the assumptions of Theorem 4, for the uncertainty
assumed in Step 1 of this algorithm.

on the source of uncertainty for which an H.-optimal
controller is w-optimal irrespective of the structure of the
uncertainty block.

5.4. DK iteration: reduction of computational effort. The
above results can be used to reduce the computational effort
involved in the K step of the DK-iteration procedure in two
ways. First, instead of solving one large H.-synthesis
problem, one may solve n smaller H.-synthesis subproblems.
Second, some of these n subproblems may be repeated
(identical); for example, this occurs for the important case
when both the plant and weights are symmetric circulant (or
parallel). In general, the computational effort is not reduced
in the D step where the upper bound to u is computed, since
for the case of full block uncertainty we have D =dl, so d
should be the same for all subproblems. This restriction is
difficult to incorporate unless a simultaneous approach is
used. However, all repeated subproblems need only be
considered once in computing the D; (see (iii) in Theorem 4).
Thus repeated subproblems can be deleted before starting
the DK-iteration design procedure, and for a large number
of subsystems the size of the DK-iteration and w-analysis
problems can be reduced dramatically.

When all uncertainty blocks are diagonal except possibly
one full block, and the weights for the diagonal blocks satisfy
Definition 2, the subproblems can be considered indepen-
dently for the D step, since the D; corresponding to the full
block can be normalized to be the identity matrix. The
general DK-iteration procedure for designing SVD controller
for SVD problems is summarized in Table 1. Performing DK
iteration on the transformed system will converge faster and
is numerically better conditioned than on the original system.
This is both because the H.. subproblems are smaller than the
original problem, and because the algorithm will be
initialized with a controller that has the correct (optimal)
directionality. This will be illustrated in the examples.

6. Examples
The following examples illustrate the computational
usefulness of the results of this paper.

Example 1: Distillation column. Consider the robust con-
troller design problem for the simplified distillation column
introduced by Skogestad et al. (1988), which has been used as
a benchmark problem for comparing methods for robust
controller design (Freudenberg, 1989; Chen and Freuden-
berg, 1990; Yaniv and Barlev, 1990; Limebeer, 1991;
Lundstrom et al., 1991; Lin, 1992). Theorem 4 implies that
(at least for the case with full block uncertainty) there exists
an SVD controller that is p-optimal for this design problem
(for details see Hovd et al., 1996). This knowledge can be
used to design an SVD controller that is nearly wu-optimal
that has only four states (Hovd et al., 1996).

Example 2: Parallel reactors with combined precooling. A
simplified model G(s) of four parallel reactors with
combined precooling (Skogestad et al., 1989) is

1 07 07 07

1 o7 1 07 07
GO =1o0s+1|07 07 1 07| 13
07 07 07 1

The real Fourier matrix diagonalizes the plant (Hovd et al,
1996); that is, G(s) = RHZ(s)R, where the plant singular
values are
en(s) = 31
G1 100s + 1 ’

0.3
0G28) = 03(8) = Tga(s) = 1005 +1°

Consider the process with input and output uncertainty as
shown in Fig. 2. The input uncertainty A, and output

PP, X PR 1, C

Fig. 2. Block diagram for plant with uncertainties in
Example 2.
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uncertainty A, are both assumed to be independent-diagonal,
with uncertainty weights W;(s) = diag {0.2(5s + 1)/(0.5s + 1)}
and W(s) = diag {0.2(2.5s +1)/(0.25s + 1)}. To reject distur-
bances at the plant output, we include the performance
specification &(W3S,)<1Vw, with Wi(s) = diag {0.5(10s +
1)/10s}. The overall problem (before SVD reduction) has
two diagonal 4 X4 uncertainty blocks and one fulll 4X 4
performance block, and we get a 12X 12 interconnection
matrix:

~W,KG(I +KG)™' -W,K(I +GK)"'
M=| W,GU+KG)' ~W,GK(I+GK)"'
~WiG( +KG)'  ~Wi(l + GK)™!
W,K(I + GK)™!
XW,GK(I + GKY ™' |. (14)
Wa(l + GK)~!

In order to make this a robust SVD problem (see Definition
2), we need to assume that all the uncertainty blocks are full.
Then there are three full blocks and u is equal to its upper
bound. Theorem 4 implies that there exists an SVD
controller that is w-optimal for this potentially conservative
case. In addition, three of the four subproblems in N are
identical in the algorithm for wu-optimal SVD controllers
(Table 1). Thus in DK iteration we may solve two 3 X3
independent H. problems in the K step, and obtain the
scalings d,(s) and d,(s) from a 6 X 6 matrix M in the D step.
Using this procedure, we were able to find a controller
resulting in a p value of 0.93. For brevity, the state space
representation of the eigenvalues of this controller is given
elsewhere (Hovd er al., 1996).

Thereafter we attempted to use DK iteration to improve
the controller design by using the true diagonal structure for
the uncertainties A; and A,, the original 12 X 12 interconnec-
tion matrix (14), and the above controller as a starting point.
However, we found that this increased the complexity of the
controller synthesis problem so much that we were unable to
improve the design using DK iteration. The best controller
the software was able to obtain had a u value of 0.96, which
is larger than the u value for the controller the algorithm was
initialized with. This result shows that there are numerical
inaccuracies with the off-the-shelf software. It also
demonstrates the important advantage of reduced problem
size that results from applying our method.

7. Discussion

The SVD structure can be used for designing controllers
with a low number of states. Using V as a precompensator
and UY as a postcompensator, we are left with n SISO
controllers to design for a plant of dimension n X n. This
design problem is similar to the conventional decentralized
control problem (e.g. Hovd and Skogestad, 1994b), and may
be solved by sequential design, independent design or
simultaneous design (parameter optimization). The last
approach was used in Example 1.

Several authors have proposed to design controllers with
the SVD structure based on the SVD of the plant at some
important frequency (Lau er al, 1985 Hung and
MacFarlane, 1982). The results of this paper imply that the
SVD structure is optimal at that fixed frequency (with some
restrictions on the structures of the perturbation blocks given
in Definition 2}, thus providing a theoretical justification for
such design procedures. These design methods should
perform well for process control problems that do not have U
and V varying rapidly as a function frequency, but may
perform poorly for other processes such as flexible structures.

A simple lower bound on the achievable value for the
upper bound to u can be computed by applying the
algorithm to minimize the upper bound at each frequency
(Lee er al., 1995). Because each design subproblem at a fixed
frequency only involves finding one complex scalar, the
synthesis part is very simple (the state-space algorithm need
not be used). This frequency-by frequency approach will not
yield a realizable controller, since issues such as causality and
phase—gain relationships are ignored. However, this is a valid
lower bound on the achievable performance by a realizable

controlier, and can be a useful controllability measure (Lee ef
al., 1995).

The results of this paper are easily generalized to cases
with multivariable, possibly nonsquare subplants. Synthesis
problems similar to class B in Section 2 arise naturally
whenever identical multivariable plants are arranged in
parallel or in a symmetric manner.

8. Conclusions

For plants where the directionality is independent of
frequency, the singular-value decomposition (SVD) is used
to decouple the system into nominally independent
subsystems of lower dimension. In H,- and H.-optimal
control, the controller synthesis can then be performed for
each of these subsystems independently, and the resulting
overall SVD controller will be optimal (the same will hold
for any norm that is invariant under unitary transformations).
In H.-optimal control the resulting controller is also
super-optimal, since a controller of dimension n Xn will
minimize the norm in n directions.

For robust control in terms of the structured singular value
u, the SVD controller is optimal for a wide class of systems
with full-block and repeated-diagonal complex uncertainty.
Substantial computational savings can be achieved in the
controller synthesis step of the DK-iteration scheme. The
results of this paper provide a theoretical justification of
controller synthesis methods proposed by other authors.
Other applications of the SVD controller were described,
including its use for low-order controller design, and in
efficiently computing controllability measures.

An extended version of this paper is available as a
technical report (Hovd et al., 1996).

References

Abraham, R. and J. Lunze (1991). Modelling and
decentralized control of a multizone crystal growth
furnace. In Proc. European Control Conf., Grenoble,
France, pp. 2534-2539.

Balas, G. J., J. C. Doyle, K. Glover, A. Packard and R.
Smith (1991). w-Analysis and Synthesis Toolbox User’s
Guide. MUSYN Inc., Minneapolis, MN.

Braatz, R. D., M. L. Tyler, M. Morari, F. R. Pranckh and L.
Sartor (1992). Identification and cross-directional control
of coating processes. AIChE J. 38, 1329-1339.

Braatz, R. D., P. M. Young, J. C. Doyle and M. Morari
(1994). Computational complexity of u calculation. [EEE
Trans. Autom. Control, AC-39, 1000-1002.

Chen, J. and J. S. Freudenberg (1990). Robust design for
ill-conditioned plants with diagonal input uncertainty. In
Proc. 28th Allerton Conf. on Communication, Control, and
Computing, Monticello, IL, pp. 755-764.

Doyle, J. C. (1982). Analysis of feedback systems with
structured uncertainties. /EE Proc., Pt D, 129, 242-250.
Doyle, J. C. and C.-C Chu (1985). Matrix interpolation and
h.. performance bounds. In Proc. American Control Conf..

Boston, MA, pp. 129-134.

Freudenberg, J. S. (1989). Analysis and design for
ill-conditioned plants. Part 2: Directionally uniform
weightings and an example. Int. J. Control, 49, 873-903.

Hazewinkel, M. and C. Martin (1983). Symmetric linear
systems: an application of algebraic system theory. Int. J.
Control, 37, 1371-1384.

Hovd, M. and S. Skogestad (1994a). Control of symmetri-
cally interconnected plants. Automatica, 30, 957-973.

Hovd, M. and S. Skogestad (1994b). Sequential design of
decentralized controllers. Automatica, 30, 1601-1607.

Hovd, M., R. D. Braatz and S. Skogestad (1996). Optimalty
of SVD controllers. Technical Report, Department of
Chemical Engineering, Norwegian University of Science
and Technology, Trondheim (available from the Internet
on http://www.kjemi.unit.no/~skoge).

Hung, Y. S. and A. G. J. MacFarlane (1982). Multivariable
Feedback: A Quasi-classical Approach. Lecture Notes in
Control and Information Sciences, Vol. 40, Springer-
Verlag. Berlin.

Lau, H., J. Alvarez and K. F. Jensen (1985). Synthesis of
control structures by singular value analysis: dynamic



Brief Papers 439

measures of sensitivity and interaction. AIChE J., 31,
427-439.

Laughlin, D. L., M. Morari and R. D. Braatz (1993). Robust
performance of cross-directional basis-weight control in
paper machines. Automatica, 29, 1395-1410.

Lee, J. H., R. D. Braatz, M. Morari and A. Packard (1995).
Screening tools for robust control structure selection.
Automatica, 31, 229-235.

Limebeer, D. J. N. (1991). The specification and purpose of a
controller design case study. In Proc. 30th IEEE
Conference on Decision and Control, Brighton, UK., pp.
1579-1580.

Lin, J. L. (1992). Control system design for robust stability
and robust performance. PhD Thesis, University of
Leicester, U.K.

Lundstrom, P., S. Skogestad and Z.-Q. Wang (1991).
Performance weight selection for A-infinity and u-control
methods. Trans. Inst. Modeling and Control 13, 241-252.

Lunze, J. (1986). Dynamics of strongly coupled symmetric
composite systems. Int. J. Control, 44, 1617-1640.

Lunze, J. (1991). Feedback Control of Large-scale Systems.
Prentice-Hall, New York.

Martino, R. (1991). Motor-driven cams actuator flexible-lip

automatic die. Modern Plastics, 68, 23.

Poolla, K. and A. Tikku (1995). Robust performance against
time-varying structured perturbations. [EEE Trans.
Autom. Control, AC-40, 1589-1602.

Shinskey, F. G. (1979). Process Control Systems, 3nd ed.
McGraw Hill, New York.

Shinskey, F. G. (1984). Distillation Control, 2nd ed. McGraw
Hill, New York.

Skogestad, S., M. Morari and J. C. Doyle (1988). Robust
control of ill-conditioned plants: high-purity distillation.
IEEE Trans. Autom. Control, AC-33, 1092-1105.

Skogestad, S., P. Lundstrém and M. Hovd (1989). Control of
identical parallel processes. In Proc. AIChE Annual
Meeting, San Francisco, CA, Paper 167Ba.

Wilhelm, R. G. Jr and M. Fjeld (1983). Control algorithms
for cross directional control: the state of the art. In
Preprints of 5th IFAC/IMEKO Conf. on Instrumentation
and Automation in the Paper, Rubber, Plastics, and
Polymerization Industries, Antwerp, Belgium, pp. 139-
150.

Yaniv, O. and N. Barlev (1990). Robust non iterative
synthesis of ill-conditioned plants. In Proc. American
Control Conf., San Diego, CA, pp. 3065-3066.



