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ABSTRACT

Stable operating regions for blown film extrusion are mapped using a dynamic model that includes the
effect of crystallization on the rheological properties of the polymer. In the computations, the bubble
air mass and take-up ratio were held constant, and the machine tension and bubble inflation pressure
were treated as dependent variables. For a given bubble air mass, the take-up ratio was used as the
continuation parameter for mapping steady-state solutions. The take-up ratio varies smoothly, but not
necessarily monotonically, with the machine tension. Curves of either blow-up ratio or thickness reduc-
tion versus take-up ratio reveal that there are take-up ratios where no, one, or multiple solutions exist.
The heat transfer coefficient from the polymer film to the external air and surroundings has a marked
influence on the qualitative and quantitative features of the blow-up ratio versus thickness reduction
curves. Generalized eigenvalue analysis of the linearized blown film equations indicates that increasing
the heat transfer rate increases the stability of operations. A corresponding decline occurs, however, in
the thickness reduction of the blown film for a given blow-up ratio.

Polymer film extrusion

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Blown film extrusion is a widespread commercial process for
the manufacture of plastic sheets, shrink-wrap, and many use-
ful household items such as garbage bags, plastic wrap, sandwich
bags, food storage bags, sausage casings. Blown film extrusion has
many advantages for the commercial production of polymeric films
and sheets. Biaxial stretching of the molten polymer during extru-
sion produces plastic film that is superior to uniaxial flat-sheet
extrusion. The biaxial stretching effects on molecular orientation,
conformation, and crystallization result in a higher strength thin
plastic film.

In blown film extrusion, molten polymer is extruded through an
annular die while air is fed through an inner concentric bubble-tube
(see Fig. 1). This internal air causes the cylindrical film to inflate,
increasing the radius of the polymer bubble by stretching it in two
directions, and decreasing the film thickness. Simultaneously, the
guide rolls above the die flatten the film, and the nip rolls subject the
film to tension in the axial (upward from the die) direction. The sum
of the tensions provided by the nip rolls and the axial component of
the bubble inflation force is called the machine tension. External air
supplied from a concentric outer ring cools the film. The resulting
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temperature reduction increases the viscosity of the rising film and
eventually induces crystallization as the temperature drops below
the melting point of the polymer. The crystallization, in turn, causes
an additional increase in viscosity, and the polymer solidifies.

The solidification zone is called the freeze zone or frost zone [1].
Within this region, the rapidly increasing viscous stiffness causes
the bubble radius and the film thickness to stabilize, changing very
little as the film heads upward toward the nip rolls. The position
within the freeze zone at which the bubble radius change is imper-
ceptible is called the frost line. The nip rolls and the bubble inflation
combine to create an elongating force on the polymer bubble-tube
and the inflating air causes a circumferential tension on the bubble-
tube. The resulting biaxial stress can induce further crystallization,
an action termed flow-induced crystallization. Although this effect
has been included in recent work involving microstructural consti-
tutive relations [2-7], it is neglected in earlier models of blown film
extrusion [8-10].

Several linearized stability analyses have been applied to the
film blowing process, beginning with Yeow [11], who derived the
dynamic equations and analyzed an isothermal Newtonian fluid.
This was followed by Cain and Denn [8] for both Newtonian and
viscoelastic constitutive relationships such as the upper convected
Maxwell and Marrucci models. Both viscoelasticity and film cool-
ing had stabilizing influences. Also, holding the bubble air mass
and nip-roll speed constant increased the stability zone over that
arising from constraining bubble inflation pressure and nip-roll
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speed. This finding was confirmed in later studies by Yoon and Park
[10,12], who applied their analysis to two-layer blown film extru-
sion. Later studies, in which bubble air mass and nip-roll speed
were held constant, examined conditions leading to the onset of
draw-resonance and helical instabilities [13-15]. None of these
investigations included the effect of crystallization on stability.

Crystallization was considered by Pirkle and Braatz [16], who
conducted a rather limited stability study for the non-isothermal
thin-shell model of blown film extrusion using a quasi-Newtonian
stress-thinning constitutive relation for low-density polyethylene
(LDPE). The dimensionless bubble inflation pressure force B; and
modified machine tension parameter F were held constant, which
are related to the total tension T7 in the machine direction by
T;=Biri2 +F, where 17 is the blowup ratio. With B; and all other
operating conditions held constant, varying F enabled the speedy
calculation of blow-up ratio, thickness reduction, and take-up ratio.
For the limited range of simulated conditions that were investi-
gated, no discontinuities in the blow-up ratio, thickness reduction,
or take-up ratio were observed. A stability study by Henrichsen and
McHugh [6] included crystallization, albeit while using an approxi-
mation to the momentum equations. They did not constrain bubble
air mass and nip-roll speed in their analysis.

For computer simulation, either (i) air bubble inflation pres-
sure and modified machine tension [16] or (ii) bubble air mass
and nip-roll speed [7] can be set as constants. In actual physical
operation [17,18], either experimental or commercial, the air bub-
ble inflation pressure and modified machine tension are not fixed

Nip Rolls

Guide Rolls

Air

Fig. 1. Blown film extrusion.

and are not easy to control tightly. This paper fixes two param-
eters that are controllable—the bubble air mass, which remains
approximately constant once the air inlet valve is shut, and the
take-up ratio, which is controlled by the speed of the nip rollers.
A dynamic thin-shell model with non-isothermal crystallization
kinetic rate and quasi-Newtonian constitutive is simulated using
material properties typical of LDPE and laboratory operating con-
ditions (Henrichsen [3] performed steady-state calculations for this
model using a microstructural constitutive relation, but these com-
putations were restricted to the quasi-cylindrical model, which
gives poor quantitative results when used over a wide range of
operating conditions [19]). Regions of stable operations are mapped
and under certain conditions, spontaneously oscillating solutions
and multiple steady states are generated. A local stability analysis
based on the linearized system is conducted to confirm the stabil-
ity of the operations that appear stable by dynamic simulation. To
accomplish this, a double-precision generalized eigenvalue solver
DGGEYV, from LAPACK [20], was used.

2. Theoretical model for thin film extrusion

Pearson and Petrie and others have developed steady-state
models to describe blown film extrusion in the limit of very thin
films [21-24]. In these models, variations of the physical variables
across the thin film are neglected, leaving the variables as functions
of axial position (height above the die) only. Generally, these mod-
els involve the continuity equations, momentum equations in the
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Table 1 Table 2
Symbols for dimensional variables and constants. Symbols for dimensionless variables and constants.
i i i RZAP

b Expo'nent for the denominator term of the viscosity factor B, Inflation pressure force in the microstructural model = By = 0.

Gyt Specific heat of polymer (k]/kg K) B Heat t f ficient = Us Ro/ 0 C. Ho Vi oVoro

Derys Width of Gaussian temperature-dependence crystallization function 2 eat transter coethicient =y, 0/ CprHoVo

X . B3 Heat of crystallization = AHerysX¢/ CpfTrer
F; Machine tension (N) o . VST
. R . . . _ By Kinetic coefficient of crystallization = Rokerys/Vo

Hp Film thickness as it exits the die at Z=0 (m) B Activati fficient for vi ity =B T

H  Film thickness at axial position Z (m) BIJR Blc Ivation coellicient for viscosl V=PB1/Trer

H; Film thickness at top boundary of freeze zone (m) ow-up ratio . .

I o . F Modified machine tension

kerys Crystallization rate coefficient (1/s) h Film thick —H/H

L  Axial position corresponding to top of freeze zone (m) 1im thickness = / 0

M, Bubble air mass (mol) r Film bubble-tube radius = R/Ry

ar rn Film bubble-tube radius at the top boundary of freeze zone

Nz Number of grid points in the discretization of the axial coordinate
Pa:m Atmospheric pressure

R Radius of film bubble tube at axial position Z (cm)

Ry Final radius of film bubble tube at top boundary of freeze zone (m)
Ro Radius of film bubble tube as it exits the die at Z=0 (m)

t  Time(s)

T  Temperature of film bubble tube at position Z (K)

T,y Temperature of cooling air (K)

Tmax Temperature at maximum rate of Gaussian crystallization (K)

To Temperature of film bubble tube as it exits die at Z=0 (K)

Trer Reference temperature for normalization of temperature (K)

U, Heat transfer coefficient (W/m? K)

X Local fraction of crystallinity (kg crystalline phase/kg polymer)

Xy Final crystallinity (kg crystalline phase, kg polymer)

V  Velocity of film at axial position Z (m/s)

V. Velocity of film at top boundary of freeze zone (m/s)

Vo Velocity of film as it exits the die at Z=0 (m/s)

Z  Axial position measured upward from position of die (m)

oy Adjustment coefficient for viscosity factor (Pas)

oy Adjustment coefficient for crystallization term in viscosity factor
B1  Adjustment coefficient for temperature dependence of viscosity factor (K)
B> Exponent for crystallization dependence of viscosity factor
AHceat of crystallization (k]/kg mole)

AP Inflation pressure, relative to ambient pressure (Pa)

p  Polymer density (kg/m?)

9 Universal gas constant

m Viscosity of polymer (Pas)

o Viscosity of polymer as it exits die (Pas)

axial and circumferential directions, and some type of constitutive
relation. In later applications, these were coupled with equations
for energy and crystallization kinetics in order to follow the effect
of temperature and crystallization on the viscosity [25,26].

The dynamic model of film motion neglects inertial terms,
surface tension, drag effects of the cooling air, and gravity.
Dimensionless variables are used in the equations that follow
(the dimensional and dimensionless variables are defined in
Tables 1 and 2). The axial position variable Z is bounded by Z=0
at the die and Z=L at the upper boundary of the Z domain, which is
located just below the guide rolls (see Fig. 1). The freeze zone begins
at the onset of crystallization and ends where further changes in
bubble-tube dimensions are imperceptible due the extremely large
viscosity.

In the Pearson-Petrie thin shell model, the dynamic continuity
equation takes the dimensionless form [9]:

ar oh rhy d(0r/dg) av oh o
w(hfirJrrar) +?T+rh§+rva—g+hu@_0, (1)

where ¢ = /1 + (Br/Bg)z. The dynamic momentum equation in
the axial direction is

o v oh Tz Bi? D

y2os yras T 2m

_roh rhoor d(dr/ds)
Yot Y3 og at

(2)

T is the dimensionless machine tension, B; is the dimensionless
inflation pressure, and r; is the value of r at the height {=L/Ry and
time 7. The dynamic momentum equation in the circumferential

TUR Take-up ratio

Elongational or machine tension = m‘fﬁ
Crystallinity = X/X¢

Film velocity = V[V,

Take-up ratio=V; [V,

Derivative of radius with respect to axial position = dr/d¢
Crystallinity = X/X¢

Axial position=Z/Ry

Viscosity factor= /1o

Temperature = T/Tef

Temperature of air = Ty [Trer

Time =tVp/Ro

Curvature function

&

«:\«-qmm':c:uxxklstx

direction is

plor (1@ g\ oh_ hoar 2 9 (/o)
r2 9t Yoc2 1 ) ot Y3 9dg dg? ot

1 0% (, v oh v (,0r _0h Bi 5
- <h3g_vag>+r2(h8g_r8g>_nw' (3)

2.1. Energy and crystallization

The energy balance and crystallization equations are

Ve + e+ VB2 — BaBaF(1 -2 =, @)
ox v ox
E+w%7341“0(1*x)=0’ (5)
where
_ UnRo
2= 2Cor Vo (6)
AHorysX;
— > 7
3 CoTrer (7)
B, — ROC;WS . (8)

Heat loss due to radiation is about 20% of that due to convection,
so it was lumped into the convective heat-loss term by using a
slightly higher heat transfer coefficient. The dimensionless air and
wall temperatures are defined as

T.:
9‘ — alr’ 9
air Tref 9)
T
Qwall = %Na” . (10)
ref

The function

41n(2)(0 — max )
Fy = - 11
T .
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is the Gaussian temperature-dependent factor for the rate of crys-
tallization, where the dimensionless constants Omax and AGmax are

T,
Qmax: }nax’ (12)
ref
D
A911‘13)( = ’Ii:rys . (13)
ref

Unlike the Hoffman-Lauritzen kinetic expression, which has five
parameters, this expression has three parameters and allows a
finite crystallization rate at the die, rather than restricting crys-
tallization to temperatures below the melting point. Like most
past studies of blown-film extrusion, with the exception of recent
work [2,4-7], flow-induced crystallization is ignored. Extensive
calculations performed in examining the effect of flow-induced
crystallization indicated that flow-induced crystallization had a
moderate effect on results when bubble air mass and take-up speed
are held constant [7].

2.2. Boundary and initial conditions

Assuming that a uniform bubble tube of constant radius, film
thickness, temperature, film speed, temperature, and zero crys-
tallinity [7,16,19] is attached to the nip rolls at time zero, the initial
conditions are

r=1 for Ogggi at 7=0, (14)
Ro
L

h=1 for 0<¢=<— at t=0, (15)
Ro
L

v=1 for 0<g¢<— at t=0, (16)
Ro
L

=1 for 0<¢<— at t=0, 17)
Ro
L

x=0 for Osng— at 7=0. (18)
0

The boundary conditions at the die, which are well established in
the literature [2-23] are

r=1 at ¢=0, (19)
h=1 at ¢=0, (20)
v=1 at ¢=0. (21)

The corresponding “minimally reduced” outflow boundary condi-
tion is
w’iﬂ7<$>%+%(h%4%):%w at g:%, (22)
which is Eq. (3) with all terms involving 92r/d ¢2 removed. The
need to use the minimally reduced outflow condition in blown film
extrusion is discussed in earlier publications [7,16]. The validity of
this type of boundary condition in other applications has also been
investigated [27,28]. The value of the top of the simulation domain
L (L/Ry in dimensionless form) was set as the height just below
the guide rolls so that the freeze zone and frost line heights are
allowed to be established naturally and the results are not a func-
tion of the outflow boundary condition. This approach is applicable
to this model due to the significant increase in viscosity caused by
temperature drop and crystallization.

The temperature and degree of crystallization are specified at
the die as

/=1 at ;:0, (23)
x=0 at ¢=0. (24)

2.3. Constraint equations

The solutions to the DAE system are to be generated with pre-
scribed bubble air mass M;;; and the take-up speed v;. In the case
of no leakage, M,;; is constant at the value M, s after the bubble
tube is inflated and the inlet air valve is shut due to the sealing of
the bubble by the nip rolls:

Ro/L

Patm 4+ AP 0

Mairss = %Rg”/ r?dg for 7— o0 (25)
0

and the take-up speed is set by the speed of the nip rolls:
TUR=v; fort>0. (26)

To model the experimental procedure, TUR was gradually increased
from a starting value vy o to the steady-state value vy s by using a
switching function:

_72
v = (VL,ss = U,0) <1 —exp ( ) )) + VL0 (27)
S

As the bubble air mass M,;; is increased from its initial value by
opening the inflation air valve during startup, a differential equa-
tion can be formulated as

dM,;
dtalr :fair,ina (28)

where f,i; in is the air flow rate through the inflation valve. The initial
condition is

Mair = Mair,O

att =0 (29)

In Eq. (28), the inflation air flow rate f,;i, can be a time-
dependent function that vanishes when M,;, reaches the desired
quantity M,j; ss. In the calculations reported here, the inflation air
flow rate takes the form

27 —12
fair,in = (Myi — Mair,o) (2) exp ( 5 ) . (30)
Ts Ts

In case of an air leak at the nip rolls, the inflation airflow rate can
be used to compensate for the leak. Such a flow rate can be deter-
mined by a control strategy that that monitors inflation pressure
and bubble size and shape, which are measurable using a pressure
transducer, a CCD camera, and imaging software (e.g., as described
in [48]).

With the additional constraint Eqgs. (27) and (28), two new
dependent variables need to be added for the system to be well-
posed. These are the modified machine tension F, where F = T; —
BrLZ, and the dimensionless inflation pressure B;. The variables F
and B; depend only upon time, so the equations

Fr 0 (31)
and

%Bgl =0 (32)
hold. For consistency, the initial conditions for F and B; are set to
F=0 at =0, (33)
Bi=0 att=0. (34)

2.4. Constitutive relation

A non-isothermal Newtonian constitutive relation was used for
LLDPE that allows for the effect of temperature and crystalliza-
tion on the viscosity of the extruded polymer. Mathematically, the
viscosity is given by

® = o, (35)
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where the base viscosity g is

o = 01 exp (’?;) (36)

and the dimensionless viscosity factor n, which accounts for tem-
perature change and crystallization, is

1 =exp {’;; (% - 1)] exp (a2 xP2), (37)

where o1, a2, B1, B2, and b are measured or adjusted constants.

2.5. Heat transfer function

The coefficient of heat transfer U, from the film to the external
airis a function of positionZ above the die. The air from the air ring is
assumed to impinge on the bubble surface at { ~ 1.6. Turbulent flow
simulations [29] show that the heat transfer coefficient reaches a
maximum before dropping to a lower value, which is described by

By = By oFu. (38)
Here
0, 0<g¢ <Ay
Fy = 2(g—AH)exp(—§;:H), An<¢<Cy (39)
Dy, Cy <¢ <L/Ry

where ¢ =Z/Ry. The magnitude of Uy is generally larger for larger
external air flow around the bubble.

2.6. Well-posedness of PDAE system

To facilitate analysis of the nonlinear PDAE system for well-
posedness, it is best to reformulate Eqs. (1)-(3) by defining a
dependent variable y=01/d ¢. Egs. (1)-(3) then take the form

or _oh rhy dy v oh _
‘”(har”ar) +?&+rh@+rv&+hvy_0, (40)
roh rthydy ~rthdv rvoh  F+Byr?

vor Tz T
phar (Loy v\ on_hy oy oy
r2 ot Yos 1 )ort Y30dcor

1 dy o oh v oh\ B >
aEEr <ha§—va§)+r2(hy—ra§>_ nw. (42)

where ¥ = y/1+ y2? and the modified tension variable F has been
substituted for F = T; — By rLz. As the radius of the bubble tube is
constant at time zero, the initial condition for y is

y=0 for 0<¢< L
Ro

at T=0. (43)

For these governing equations, the set of dependent variables is {r,
h,v,y,0, x, F, B1}, and the control variables are M,;; ;s and TUR = v;.
Application of the methods for analysis of a PDAE system [30] indi-
cates that there are eight degrees of freedom with respect to the
independent variable 7. This corresponds to the number of initial
conditions: Egs. (14)-(18),(33),(34), and (43). The same procedure
determines that there are seven degrees of freedom with respect to
the independentvariable ¢, corresponding to the number ofbound-
ary conditions: Eqgs. (19)-(24) and (27). From this analysis, the PDAE
system appears to be well posed.

3. Numerical calculations
3.1. Solution of system of equations

The above system of algebraic and partial differential equa-
tions can be solved using the numerical method of lines (NMOL)
[31]. This involves discretizing the equations in the spatial vari-
able ¢ at a number of grid points Nz. Spatial derivatives such as
dv/d¢ were approximated as five-point finite differences in order
to achieve 4th-order accuracy with the spatial variable eliminated
as an independent variable. A variable-grid spacing technique that
allowed a choice of such 5-point finite differences for first deriva-
tives was coded in the subroutine DSS032 [32]. The formula of
Fornberg [33] was used for the second-order derivative 9r/d ¢2.
The spatial discretization converts the system equations, includ-
ing boundary conditions, to a set of ordinary differential-algebraic
equations that were solved using the double-precision version of
the solver DASPK3.0 [34,35]. All computations were performed
in double-precision Fortran 90 using a 2.66 GHz Intel quad-core
processor-based computer with 8 GB of DRAM. Other discretiza-
tion schemes were tried, such as 3-point finite differences and
4th-order orthogonal collocation on finite elements. The 5-point
finite difference approximation gave the highest accuracy for the
same number of grid points. This is in agreement with the findings
of other investigators [36].

Once subjected to spatial discretization, Eqs. (1)-(39) form a DAE
system with respect to the independent variable 7 (dimensionless
time). Application of index analysis methods from the literature
[37-39] indicated that the differential index of the DAE system is
one, which the chosen DAE solver, DASPK3.0, readily handles [32].

To assess the number of grid points required for accuracy, N,
was varied from 51 to 1001. Using a least-squares error function
based upon all normalized dependent variables, N; =251 was found
to produce simulation results within 0.0001% of those obtained
for N;=1001. More grid points were placed between the die and
the end of the frost zone because the changes in bubble geometry
occurred in this region. Beyond the frost zone, the bubble dimen-
sions were relatively flat. All results reported in this paper used 251
grid points with 70% of the points placed in the first 40% of the axial
domain.

3.2. Stability analysis

Local asymptotically stability about a steady-state is implied if
all of the generalized eigenvalues of the linearized system of equa-
tions:

Q- (44)

have negative real part [40], where X is the vector of perturbations,
and M is a matrix that can be singular, and the matrix A can be asym-
metric. Both A and M are large and sparse. Software is available for
computing generalized eigenvalues for singular M and asymmetric
A (see [41-43] and citations therein). For a test range of grid points,
the LAPACK full-matrix routine DGGEV [20] was used as the gen-
eralized eigenvalue solver. Too few grid points can yield incorrect
generalized eigenvalues, which would result in an unreliable loca-
tion of stability zones (see [45] for more detailed discussion). The
results of DGGEV were occasionally double-checked using a second
generalized eigenvalue solver, ARPACK [44].

3.3. Model input conditions

The model parameter values are listed in Table 3. The material
properties of the LLDPE polymer were obtained from a com-
pendium of data in the literature on LLDPE [4,23,46]. For the
viscosity parameters, correlations and data from the three papers
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Table 3 4.1.1. Effect of bubble air mass

Values of parameters used in the simulations. Having a fixed bubble air mass constrains the blow-up ratio
An 1.6 for stable steady-state operation within a narrow range, while the
b 0.68 corresponding thickness reduction varies widely (see Fig. 2a). The
’é“ }1'2 stable steady-state value for the thickness reduction is observed to
C:f 251 Ki/keg K incref:lse apprO).(imately lipearly with the tgl(e—up ratio, W.ith this
Dy 03 relationship being a relatively weak function of bubble air mass
Ho 0.05cm (see Fig. 2b). The highest value for the thickness reduction of 16.5
Kerys 03757 observed for stable operations in Fig. 2b corresponds to the mid-
?”‘ ;'129512“‘ dle value for the bubble air mass M,;; =0.1266 mol, indicating that
T:;x 368K an optimal intermediate value for the bubble air mass M,;; exists
ATmax 5K if the operational objective is to maximize thickness reduction.
To 481.2K The ranges of the take-up ratio and thickness reduction for sta-
TUR 1.10-4.40 ble operation are larger for M,;; =0.1266 mol than for M,;, =0.1097
Uno 48.18-52.36 W/m? K
Vo 0.46803 cm/s and 0.1435 mol.
X; 0.562 Increasing the take-up ratio at constant bubble air mass M,;,
a 1.828Pas corresponds to a higher effective bubble pressure B; (see Fig. 2c).
o2 13.5 The intersection of the curves in Fig. 2c indicates that the same
? 33594 K stable values for the take-up ratio and inflation pressure force B;
)\z 00s can be achieved by different values for the bubble air mass. The
AHys 251K]/kg blow-up ratio for stable operations is observed to increase with
AP 40.36-65.47 Pa inflation pressure force B; (see Fig. 2d). Stable values for the bubble
/T’ ?(2)(2) lég/ m? air mass and take-up ratio correspond to a relatively large range of

were averaged into one correlation. The dimensions of the extru-
sion apparatus correspond to a laboratory experimental unit at the
University of Illinois [48].

4. Results and discussion
4.1. Steady-state correlations of dependent variables

This section provides plots of the stable steady-states identified
by the linearized system as having all generalized eigenvalue(s)
with negative real part as reported in Table 4 (dynamic instabilities
are considered in the Section 4.2). To simplify the notation, the
generalized eigenvalues with the highest real part are referred to
as dominant eigenvalues.

inflation pressures.

4.1.2. Effect of cooling air rate

Modest increases in the cooling air rate correspond to modest
increases in the convective heat transfer, which results in take-up
ratio and thickness reduction curves that nearly lie on top of each
other (see Fig. 3a). The range of take-up ratio for stable operation,
however, is different, with the highest cooling rate correspond-
ing to the greater possible thickness reduction. The blow-up ratio
declines somewhat with increased cooling ratio (see Fig. 3b), which
is commercially less important than the potential increase in thick-
ness reduction (Fig. 3a). The required bubble inflation pressure
force By increases with cooling rate (see Fig. 3¢). This is not surpris-
ing, as the increased viscosity at lower temperatures offers greater
resistance to inflation. A monotonic dependence of blow-up ratio
upon the inflation pressure force B; no longer holds at the higher
cooling rate (see curve for Uy =52.36 W/m2 K in Fig. 3d). This non-
conformance occurs only at the lower values of blow-up ratio and
thickness reduction, which is unlikely to correspond to a desired

Table 4
Steady-state results for bubble air mass M,;; =0.1013 mol, Heat transfer coefficient Uy =48.18 W/m?2 K, and other parameters in Table 3.
TUR Inflation pressure force B; Machine tension Tz Thickness reduction Blow-up ratio Re{Amax}? Im{Amax }? Oscillations
1.2000 0.19581 3.03723 4.65899 3.88249 —-0.0159 0.7288 No
1.3000 0.20147 3.18494 5.06198 3.89383 —-0.0260 0.7724 No
1.4000 0.20675 3.32227 5.46603 3.90432 -0.0297 0.3011 No
1.6000 0.21639 3.57139 6.27706 3.92317 —-0.0286 0.7411 No
1.8000 0.22502 3.79309 7.09156 3.93976 —-0.0262 0.8257 No
2.0000 0.23283 3.99298 7.90897 3.95450 —-0.0281 0.9037 No
2.2000 0.23997 4.17525 8.72914 3.96780 —0.0345 0.9764 No
2.4000 0.24655 4.34289 9.55168 3.97988 —0.0450 1.0437 No
2.6000 0.25266 4.49818 10.37642 3.99095 —-0.0417 0.5995 No
2.8000 0.25836 4.64292 11.20318 4.00115 —0.0344 0.6472 No
3.0000 0.26371 4.77851 12.03179 4.01061 —-0.0236 0.6910 No
3.2000 0.26874 4.90612 12.86213 4.01943 -0.0101 0.7292 No
3.3000 0.27115 4.96721 13.27798 4.02363 —-0.0039 0.7457 No
3.3500 0.27233 4.99712 13.48595 4.02567 —-0.0010 0.7546 No
3.3636 0.27265 5.00519 13.54256 4.02622 0.0002 0.7563 Yes (small)
3.4000 0.27349 5.02665 13.69414 4.02769 0.0026 0.7626 Yes (small)
3.5000 0.27578 5.08452 14.11067 4.03163 0.0082 0.7776 Yes (small)
3.6000 0.27801 5.14085 14.52779 4.03540 0.0130 0.7928 Yes (small)
3.7000 0.28017 5.19595 14.94454 4.03916 0.0179 0.8076 Yes
3.8000 0.28224 5.24900 15.36093 4.04284 0.0221 0.8187 Yes

2 Real and imaginary parts for the generalized eigenvalues of (42) that have the largest real part.
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Fig. 2. (a) Blow-up ratio versus thickness reduction, (b) thickness reduction versus take-up ratio, (c) inflation pressure force B; vs. take-up ratio, and (d) blow-up ratio versus
inflation pressure force By for three values of bubble air mass M,;;, Upo =50.27 W/m? K, and other parameters in Table 3.

operating condition. Most of these observations are well known
and have been discussed by Cantor [39], among others.

4.2. Dynamic instabilities

4.2.1. Oscillations

Several papers have investigated draw resonance and helical
instabilities in film blowing [12-14], which occur at high and low
take-up ratios, respectively. The models in those papers included
non-isothermal processing and the Phan-Thien Tanner rheological
relation but did not include crystallization. Here these instability
phenomena are explored for the Newtonian non-isothermal thin-
shell model with crystallization, by use of dynamic simulation.

Key steady-state operating parameters for low bubble air mass
and cooling air flowrate with the dominant eigenvalues from lin-
earized analysis are reported in Table 4 for a fixed bubble air
mass and heat transfer coefficient and range of take-up ratio,
with the last column indicating whether the dynamic simula-
tions near those steady-states are observed to be oscillatory. The
dominant eigenvalues indicate that the steady-state solutions for
a take-up ratio from 1.2 to 3.35 are locally asymptotically sta-
ble.

Oscillations in the thickness reduction and machine tension
are observed for a take-up ratio of 1.1 or less. These oscillations
have been observed to be associated with a helical instability
[13,14,18,47]. Precise quantification of the process states during
a helical instability requires a three-dimensional model of bubble

geometry rather than the thin-shell model which assumes axial
symmetry. Commercial operation of blown film extruders is con-
cerned with operations at higher take-up ratio, which corresponds
to greater thickness reduction of the film. Stable operation is also
bounded for higher take-up ratios. For a take-up ratio larger than
3.35, another type of instability arises that is called the draw-
resonance instability in agreement with Refs. [13-15] (while other
researchers [40] refer to the instability for high take-up ratio as
“bubble instability” and instability for blow-up ratio less than 1
as “draw-resonance instability,” this paper uses the nomenclature
in Refs. [13-15] as operations with blow-up ratio less than 1 are
not commercially relevant). The onset of this instability is accom-
panied by larger values in the machine tension T, (see Table 4).
For a take-up ratio of 3.8, the draw-resonance instability is clearly
seen in dynamic simulations (see Fig. 4a and b). The instability
that occurs at take-up ratio >3.35 can be modeled by the thin-shell
model.

The oscillations in Fig. 4a and b occurred spontaneously dur-
ing the startup period of the simulations. Initially the values of the
thickness reduction, machine tension, blow-up ratio, and inflation
pressure approached the values at the unstable steady-state that
then transitioned into a sustained oscillation. To assess whether
insufficient spatial resolution in the discretization step caused
instability and subsequent oscillation, the number of grid points
was varied from 50 to 751. The stability maps and the periods
of oscillation in Fig. 4a and b were not affected by grid size for
Nz>251.
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Fig. 3. (a) Thickness reduction versus take-up ratio, (b) blow-up ratio versus take-up ratio, (c) inflation pressure force By vs. take-up ratio, and (d) blow-up ratio versus
inflation pressure force B; for three values of the heat transfer coefficient Uy, bubble air mass M,;; =0.1097 kg-mol, and other parameters in Table 3.

4.2.2. Stability zone

For blown film extrusion, previous investigators have examined
multiple steady states, hysteresis, and stability using plots of blow-
up ratio versus thickness reduction [8,10-15]. In this paper, these
curves were generated in two ways. In the first method, the simu-
lated inflation pressure force By is held constant while the modified
machine tension F is varied from a maximum value Fax to a mini-
mum value F;, [16]. The procedure is then repeated for different
constant values of B;. Fig. 5a and b plot steady-states for the para-
metric values in Table 3 and Upg =48.18 W/m?2 K.

The more horizontal upper branches of these curves correspond
to lower values of the modified machine tension F, while the lower
branches correspond to higher Fvalues. Above Fynax and below Fyyip,
the solutions to the system equations do not converge to a steady-
state value. Points on the curves in Fig. 5a correspond to both stable
and unstable solutions. Anywhere between zero and three steady-
state values for the inflation pressure force can exist for each fixed
value for the thickness reduction.

Fig. 5b plots the stable portions of the blow-up ratio versus
thickness reduction curves, that is, for steady-state solutions in
which the dominant eigenvalues for the linearized system at con-
stant bubble air mass M,;; and take-up ratio have negative real
components. In Fig. 5b, lines of constant take-up ratio are drawn
through some of the constant-B; blow-up ratio-versus-thickness
reduction curves to demonstrate the occurrence of multiple sta-

ble steady-states for some values of the inflation pressure force
Bi. For an inflation pressure force of B;=0.22, the line with
TUR=1.711 intersects the blowup ratio versus thickness reduction
curve three times, indicating the existence of three stable steady
states. Likewise, the By =0.23 curve is intersected three times by
the TUR=2.067 line. The inflation pressure force B; =0.24 and 0.25
curves have two stable steady states for TUR=2.363 and 2.629,
respectively.

A stability zone obtained by the above procedure is mapped in
Fig. 6a, which includes an assemblage of stable curves of constant
Bq enveloped by a dotted line. Inside the dotted line, the steady
states are stable. The second method used to generate the blow-up
ratio-vs.-thickness reduction curves involved holding the simu-
lated bubble air mass constant and varying the take-up ratio. The
steady states generated by this procedure were subjected to sta-
bility analysis, and Fig. 6b was generated. Here, the assemblage of
curves (at different constant values of M,;;) lying within the dotted
envelope represent stable steady states. The comparison between
Fig. 6a and b is interesting. There is a region in Fig. 6b (in the upper
right-hand corner) that is not present in Fig. 6a. That is, holding
the inflation pressure force B; constant and varying the modified
machine tension F may not readily yield all stable steady-state solu-
tions. This indicates that the preferred method of mapping out the
stability region is to prescribe the bubble air mass M,;; and vary the
take-up ratio.
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Fig. 6. (a) Stability region of blow-up ratio versus thickness reduction obtained by
generating curves of constant inflation pressure force By, with the region inside of
the dotted line being stable at constant bubble air mass M,;; and take-up ratio; (b)
Stability region of blow-up ratio versus thickness reduction obtained by generating
curves of constant bubble air mass M,;; with the region inside of the dotted line being
stable at inflation pressure force B; and take-up ratio. The heat transfer coefficient
Upo =48.18 W/m? K and other parameters are in Table 3.

5. Conclusions

A straightforward way of generating transient and steady-state
solutions to the system of equations governing blown film extru-
sion is to hold the bubble air mass and take-up ratio constant. The
bubble air mass M,;; and take-up ratio are more controllable than
the bubble inflation pressure and machine tension. In addition, the
complete zone of stability is generated more readily by holding M;,
and take-up ratio constant, and then treating the machine tension
and bubble inflation pressure as dependent variables. Spontaneous
oscillations representing either helical or draw-resonance insta-
bilities are also revealed for conditions lying outside the stability
zones.

Curves of either blow-up ratio or thickness reduction-vs.-take-
up ratio revealed that there are take-up ratios where zero, one,
two, or three steady-state solutions exist. The stability of each
stable steady-state solution was analyzed by computing the gener-
alized eigenvalues for the linearized differential-algebraic system.
The heat transfer coefficient from the polymer film to the exter-
nal air and surroundings has a marked influence on the qualitative
and quantitative features of the blow-up ratio versus thickness
reduction curves. Recommendations were provided on how to most
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efficiently and reliably map out the stability region for blown-film
extrusion.
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