Computers and Chemical Engineering 90 (2016) 111-120

Contents lists available at ScienceDirect

Computers
& Chemical
Engineering

Computers and Chemical Engineering

journal homepage: www.elsevier.com/locate/compchemeng

Regularized maximum likelihood estimation of sparse stochastic
monomolecular biochemical reaction networks*

@ CrossMark

Hong Jang?, Kwang-Ki K. Kim®, Richard D. Braatz¢, R. Bhushan Gopaluni®, Jay H. Lee**

a Department of Chemical and Biomolecular Engineering, Korea Advanced Institute of Science and Technology, 291 Daehak-ro, Yuseong-gu, Daejeon
305-701, Republic of Korea

b School of Electrical and Computer Engineering, Georgia Institute of Technology, Atlanta 30332, GA, USA

¢ Department of Chemical Engineering, Massachusetts Institute of Technology, Cambridge 02139, MA, USA

d Department of Chemical and Biological Engineering, University of British Columbia, 2360 East Mall, Vancouver BC V6T1Z3, Canada

ARTICLE INFO ABSTRACT

Article history:

Received 5 November 2015

Received in revised form 21 March 2016
Accepted 21 March 2016

Available online 26 April 2016

A sparse parameter matrix estimation method is proposed for identifying a stochastic monomolecular
biochemical reaction network system. Identification of a reaction network can be achieved by estimating
a sparse parameter matrix containing the reaction network structure and kinetics information. Stochastic
dynamics of a biochemical reaction network system is usually modeled by a chemical master equation
(CME) describing the time evolution of probability distributions for all possible states. This paper consid-
ers closed monomolecular reaction systems for which an exact analytical solution of the corresponding
chemical master equation can be derived. The estimation method presented in this paper incorporates
the closed-form solution into a regularized maximum likelihood estimation (MLE) for which model com-
plexity is penalized. A simulation result is provided to verify performance improvement of regularized
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1. Introduction

Stochastic dynamics of biological systems have lately received
increased attention from researchers in the field of biological
engineering (Raj and van Oudenaarden, 2009). In the past, such
studies were greatly hampered by lack of qualitative measure-
ment data. Nowadays, quantitative but noisy data can be obtained
using the microarray technology. Recent developments in sens-
ing techniques that can provide real-time observations of intrinsic
stochastic dynamics at small length scales have motivated many
scientific investigations (Raj et al.,, 2010; Xie et al., 2008). One
such sensing technique for biological systems is bio-imaging using
fluorescent proteins (Garcia-Parajo et al., 2001). By grafting a

* Preliminary results in this manuscript were published in conference papers “H.
Jang, K. K. K. Kim, J. H. Lee, and R. D. Braatz, Regularized Maximum Likelihood
Estimation of Sparse Stochastic Monomolecular Biochemical Reaction Networks,
Proceedings of the IFAC World Congress, Cape Town, South Africa, 2014” and “K.
K. K. Kim, H. Jang, R. B. Gopaluni, ]. H. Lee and R. D. Braatz, Sparse Identification in
Chemical Master Equations for Monomolecular Reaction Networks, Proceedings of
the American Control Conference, Portland, Oregon, 2014.”

* Corresponding author. Fax: +82 42 350 3910.
E-mail address: jayhlee@kaist.ac.kr (J.H. Lee).

http://dx.doi.org/10.1016/j.compchemeng.2016.03.018
0098-1354/© 2016 Elsevier Ltd. All rights reserved.

fluorescent protein into gene expression, proteins and mRNA
expressions originating from targeted DNA can be detected quan-
titatively in real time. Specifically, yellow fluorescent protein (yfp)
(Elowitz et al., 2002; Li and Xie, 2011; Yu et al., 2006) has been
widely used for detecting changes with single-macromolecule sen-
sitivity in individual live cells.

In the real-time data reported in the aforementioned papers,
strongly stochastic behavior has been observed. For example, bursts
of transcribed protein molecules from the cell, controlled by an
identical messenger RNA molecule, have different copy numbers
(Elowitz et al., 2002). The total population number of species in
the system within the detectable range is small, ranging from tens
to thousands of copies. Stochastic dynamics of systems with dis-
crete states can be modeled by the chemical master equation (CME)
(Feinberg, 1979; Fichthorn and Weinberg, 1991),

8P0,t ’ ’ 4
(at)=g:w(a,a)P(a,t);W(a,o)l’(ff’f) ()

whereP (0, t)is the probability of the system being in discrete state
o attime t,and W (0’, o)is the transition rate from state ¢’ to state
0. The CME describes the time evolution of the probability distri-
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bution among all possible configurations, and can be written as
(MacNamara et al., 2008; Munsky and Khammash, 2006)

% =A(t;0) P(t) (2)
where P (t) is the state vector containing all the state probabil-
ity variables and A (t: 9) is a matrix containing all the transition
rate constants with dependence on the model parameter vector 6
related with physicochemical phenomena, e.g., biochemical reac-
tions. Many numerical algorithms have been developed for solving
the matrix ordinary differential Eq. (2), which can be divided into
direct methods (MacNamara et al., 2008; Munsky and Khammash,
2006) and indirect methods (Gibson and Bruck, 2000; Gillespie,
1977). Direct methods, such as the finite state projection (FSP)
algorithm, attempt to evaluate the matrix exponential directly. In
practice, given the large size of the state space, indirect meth-
ods that use stochastic simulation algorithms (SSAs) to generate
approximate probability distributions have been more popular.

Areaction network is one of fundamental models for describing
biological mechanisms. Different types of biological reaction net-
works exist and interact to accomplish needed functions including
gene regulatory networks, metabolic networks, and signaling net-
works. Network identification is an important aspect of studying
biological network systems. Given time series experimental data
from sensors, a parameter estimation method can be used to iden-
tify the parameters of a given reaction network model. Typically,
the estimation is formulated to find parameter values minimiz-
ing the difference between the experimental data and their model
predictions. Most of the literature has employed least-squares
estimation (LSE) approaches, which fit stochastic data to a deter-
ministic continuum model (Gennemark and Wedelin, 2009).

The LSE method based on deterministic models, however, can
provide poor parameter estimates for highly stochastic systems
(Tian et al., 2007). Several stochastic parameter estimation meth-
ods based on the stochastic differential equation of type (1) have
shown improved estimation performance (Munsky et al., 2012).
These methods attempt to solve for the probability density func-
tions (PDFs) of the CME and use them for estimation. Previous
studies employed the moment-based method (Munsky et al., 2009;
Zechner et al., 2012), the Bayesian method (Boys et al., 2008;
Golightly and Wilkinson, 2011; Lillacci and Khammash, 2010), the
maximum likelihood estimation (MLE) method (Daigle et al., 2012;
Tian et al., 2007), and the density function distance (DFD) method
(Lillacci and Khammash, 2013; Poovathingal and Gunawan, 2010).
However, these published methods are based on approximated
PDFs of the CME. In many cases, PDFs are approximated using the
SSA approach (Gillespie, 2007), which typically demands a very
large number of simulations to be performed for an accurate esti-
mation.

In many cases, the exact network structure of a biological system
is not known. An important problem in biological systems is to use
measurement data to identify the topology of reaction networks
and estimate associated parameters at the same time. Craciun and
Pantea, 2008 discussed the issue of identifiability of reaction net-
works with the fact that there might exist more than one parameter
set that fits the measurement data with the same level of accuracy.
To cope with such challenges, model discrimination/invalidation of
reaction networks has been studied (Conradi et al., 2005; Kremling
et al,, 2004). Non-uniqueness of an estimation algorithm can be
overcome by using the principle of parsimony and choosing sim-
ple models over complex models (Jefferys and Berger, 1991). An
approach to reduce model complexity is to use penalization term
for the number of parameters such as ridge and ¢4 regularization
(Hesterberg et al., 2008).

Taking the above issues into consideration altogether, this paper
considers stochastic monomolecular reaction systems in a sparse

parameter matrix estimation problem. Stochastic monomolecu-
lar reaction system, described by an exact probability distribution
solution of the CME (Jahnke and Huisinga, 2007), can represent
realistic gene regulatory networks or metabolic networks. The
exact solution enables formulation of a regularized MLE method
rather than LSE. Improved performance over the LSE method is
verified with a simulation study involving a small scale reaction
network system. Applicability of the proposed MLE method to a
more stochastic and larger scale reaction network system is also
tested.

2. Biochemical reaction network system

In a living organism, most biological functions arise from com-
plex interactions between numerous components such as genes,
metabolites, and proteins. The interactions form a large biochem-
ical reaction network system involving thousands of components.
Gene expression is the main mechanism by which cells regulate the
interaction webs to perform functions. The gene expression pro-
cess occurs in two steps: (1) transcription of genes into mRNAs
initiated by specialized proteins and (2) translation of mRNAs into
biochemically active proteins. By detecting the gene expression
time-profiles, we can construct a model of the gene-gene interac-
tion which can be a subset of a larger network (Fig. 1) (Gardneretal.,
2003). This gene network identification has important potential
applications, for example, in drug discovery to identify candidate
pathways to be targeted (Schreiber, 2000).

Gene regulatory networks as well as other complex biochem-
ical reaction networks, such as metabolic networks (Feist et al.,
2008; Jeong et al., 2000) and signal networks (Hyduke and Palsson,
2010), can be described by a combination of monomolecular reac-
tions (Radulescu et al., 2012). Possible monomolecular reactions
can be categorized with conversion, inflow, and outflow reactions
with a set of n € N different species or complexes denoted by S;,
i=1,...,n. The reactions are given by

k..
Si—S; Conversion(i # j)

kni
soﬁisj Inflow (3)

ki
525, Outflow
where S, and S, are pseudo-species outside the system and k;; is a
nonnegative rate constant for reaction from S; to S; for i # j and can
be time-varying. The monomolecular conversion reaction excludes
catalytic or splitting reactions of the types

si5s + S; Catalytic(i + ) (4)
S5+, Splitting(i #j # 1)
If the number of species in the system is sufficiently large, the

dynamics of the system can be described by the deterministic ordi-
nary differential equations

dG; (¢t ;

C S (0G0 - Y kOG0, i=1,..n (5)
j#i j#i

where C; (t)is the population density or concentration of the species

S; and continuous variable. Eq. (5) can be written in a vector form

as

dc(t)

— =AMC©) (6)

[Al; (6) = k;i (£),j #1 (7)

[Ali () == k(D) (8)
Jj#i



H. Jang et al. / Computers and Chemical Engineering 90 (2016) 111-120 113

Optical detection

Fig. 1. A simple gene network system. Black solid arrows indicate the two-step gene expression process. Blue dotted arrows indicate the gene-gene interaction regulated by
expressed proteins. Single-molecule-level gene expression can be detected by fluorescent proteins encoded with target genes. (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

where A(t) € R™" is the kinetic parameter matrix, [A]; is the ele-
ment at the ith row and jth column of the matrix A(t), and [A];
is the ith diagonal element of the matrix A (t). If the reaction rates
are constant, its analytical solution can be computed with initial
concentration, Cyp, as

C(t)=eACy (9)

In contrast, the concentrations in biochemical reactions are
highly stochastic when there are only a small number of each
species. For such small population systems, the CME describes the
stochastic dynamics of the same reaction by (Gadgil et al., 2005;
Jahnke and Huisinga, 2007),

P05 ko (P 3 — €1, 0) - P, 1)
i=1
+> kio(6) ((x;+1) P (x+¢j, 1) =xP(x,1)) (10)
j=1
3D ki (0 ((x5+1) P (x+ € — €5, £) —xP(x, 1))
j=1 i=1

where P (x, t) is a probability for the integer state vector x € Z"
with x; as the population of the ith species and e; ¢ R" denotes
the standard basis vector (with 1 for the ith element and zero for
the rest). In the right-hand side of (10), the first, second, and third
terms describe the influences of the inflow, outflow, and conversion
reactions, respectively. This paper considers an estimation problem
of constant parameters for closed monomolecular reaction system
with no inflow and outflow (ko; = O for all i and kjo = O for all j).

3. Exact maximum likelihood estimation
3.1. Exact Solution of the CME

In Jahnke and Huisinga (2007), analytical solutions for the CME
(10) for both open and closed systems are derived. In this sec-
tion, results in Jahnke and Huisinga (2007) for closed systems are
highlighted. The multinomial distribution, M(x, N, A(t)), is defined
by

N ATi(t)
M(x,N,A(t)) =N!TT —— (11)
i=1 X
where A(t) € R" is the probability parameter (also called the
hyper-parameter).

Proposition 1 in Jahnke and Huisinga (2007): Suppose that
P(x,0) = M(x, N, Ag). Then P(x, t) = M(x, N, A(t)) solves the CME
(10), where N is the total number of entities in the population in
the system and A (t) € R" is the solution of the mass average rate-
reaction Eq. (6) A(t) = AA(t) with the initial condition A (0) = A¢
andA where [A];; ;. ; = k; and [A];; = —Zk,-j forallt >0andi,j=

Jj#i

1,...,n.

Proposition 1 in Jahnke and Huisinga (2007) states that a multi-
nomial initial condition will remain multinomial as the species
distribution evolves. In practice, ordinary biochemical reaction sys-
tems rarely have a multinomial distribution as an initial condition,
but can have arbitrary deterministic initial condition defined by the
delta function,

1 ifx=§&

; (12)
0 otherwise

P(x, to)zég(x)z{

where 8¢ (x)is the Kronecker deltaand & is a particular deterministic
initial state.

Theorem 1 in Jahnke and Huisinga (2007): Suppose that
the monomolecular reaction system has the initial distribution

P(x,0) = 8¢ (x) for some &= [ & SH]T € R". The probabil-
ity distribution at time ¢ is defined by P(x, t) = M(x, &, A7) x
M, &, D)) -5 M(x, E1, A(1)), where A0 (1) is the solu-
tion of the ODE A" (r) = AL (r) with A¥)(0) = e; and A where
[A]ij’i 4= kj,- and [A]; = kaij forallt >0andi,j=1,...,n
The asterisk, *, is the c]:n'volution operator. The multidimen-

sional discrete convolution of two mappings P; and P, is defined
by

(PrP)(X) =Y P1(@)P2(x~2)= ) Pi1(x~2)P2(2) (13)
z z

where the sum is taken over all z € {0, 1,...,N}'1 such that

x-2z)c{0,1,...,N}"

For the reaction system where an analytical solution of the CME
is hard to derive, an approximate solution obtained by the finite
state projection algorithm (Munsky and Khammash, 2006) or the
stochastic simulation algorithms (Gillespie, 1977) can be used in
the estimation. However, obtaining an approximate solution suf-
ficiently close to an exact solution for an accurate estimation can
significantly increase the computational load. Therefore, we recom-
mend using the proposed estimation method only for a reaction
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system where an analytical solution of the CME can be derived,
such as the monomolecular reaction network system covered in
this paper.

3.2. Maximum likelihood estimation formulation
The formulation of the parameter estimation method is based

on the likelihood function, which is primarily defined by a con-
ditional PDF of the measured sequence, &;(ty) € R" for the run

index,j=1,...,r and time index, k =1, ..., m for given the reac-
tion parameter matrix, K € R™",
L({&t):j=1,...,r,k=1,...,m} |K) (14)

where [K]; is equal to k; and assumed to be time invariant. This
paper assumes that the time-series data &; (t;) of all species in the
reaction network system can be obtained with minimal error, noise,
and missing information. Although this may not be entirely realistic
at this point, sensing techniques under development currently offer
this possibility in the near future. The matrix, K, is related to the
kinetic matrix A in (6) given by

A=K — diag(Ke) (15)
where e € R" is a vector of all ones. With the Markov process

assumption, the likelihood function can be defined by

L({ﬁj(tk):j: 1,...,r k= 1,...,m} IK) = lilml:llp (Qj(fkn)mj(tk),’() (16)

Jj=1k=1

With the assumption of the monomolecular reaction, the overall
population &; () can be divided into independent subsets for each

species, &](.i) (t,) € R"fori=1,...,n, at time t,
5 <1 o2 %
Ri(6) =& (0) + &7 (0) + ... + & (1) (17)
Rj‘l (tk) 0 0
0 Rj2 (te) 0
8" (0) = A ()= &)= | (18)
0 0 Rjn (L)

The initial distribution of each subset, &J(.') (tg), can be defined by
the multinomial distribution based on (12) and can be evolved to
the next time step t;,; independently. Then the joint probability
for all subset at time ¢, 1 is obtained by convoluting all PDFs, which
remain as multinomial distributions based on Theorem 1 in Jahnke
and Huisinga (2007). Then, each conditional PDF appearing in the
multiplication of (16) follows from the exact solution of the CME
for an arbitrary deterministic initial condition,

LRi(t) :j=1,...,r,k=1,...,m}|K)
M(&;(te1), %51 (), A (8 1)

met | M), %206, AP (b 1) (19)

§=

* MR, (6 1), R (), A(611))

Finally, the standard MLE that finds a parameter matrix having
maximum value for the likelihood function is defined by

maxL ({&Xi(t):j=1,....,r,k=1,....m}|K 20
1axL ({&;(t) : j }IK) (20)
3.3. Sparse parameter estimation

Our approach to the sparse parameter estimation is an optimal-
ity criterion with the principle of parsimony (Jefferys and Berger,

1991). Let k denote the concatenation of the element of K, a vec-
torized form of K. For model selection, two conflicting objective
functions of the parameter vector k can be considered: energy
function and model complexity function. Energy function is the
likelihood function in (19), which depends on the training dataset.
The model complexity function is a function of £3 norm of k, which
is defined by

M (k) = g (likllo) (21)

where g is a monotonically increasing function. Note that model
complexity function is independent of the training data set. A com-
mon objective function for the sparse parameter estimation is a
combination of the energy function and model complexity function
(August and Papachristodoulou, 2009; Boyd and Vandenberghe,
2004),

JU=L({&t):j=1,....,r,k=1,...,m} k) — yg(Iklo), (22)

where y is a nonnegative weight specifying the trade-off between
the energy function and model complexity function. By replacing
the ¢o norm by the ¢; norm (Julius et al., 2009), the model selec-
tion problem is considered to find k that maximizes the objective
function

m,leL({&j(tk) =1, k=1,..,m} k) - yg(Ikl) (23)

An optimal k for the above can alternatively be found by solving
a more numerically convenient optimization by exploiting mono-
tonicity of the logarithm. In addition, constraints for the parameter
matrix from prior knowledge can be included. The final constrained
optimization is formulated by

min — log L({&(6) :j =1,....rok=1,....m } [k)+ vkl .tk  F (24)
k

where F denotes the structure constraint on the network avail-
able from prior knowledge. In this paper, the set Fis defined as a
non-negative set, k > 0. No prior parametric or structural informa-
tion is assumed to be provided. The multinomial distribution in the
exponential family is log-concave (Lehmann and Romano, 2006),
which implies that its negative logarithm is convex.

4. Simulation study and discussion
4.1. 3 Species reaction system

The proposed parameter estimation formulation is applied to a
simple reaction system containing a population size of 100 for all 3
species. Potential trajectories are simulated by SSA and used in the
proposed parameter estimation method. The sampling interval is
1 s and final simulation time is 50 s so that the population of species
A-C at 51 time points are calculated in each SSA run. Species A and
B have a reversible reaction connectivity and species A and C have
an irreversible reaction connectivity as shown below,

BSsA—C (25)

The true parameter matrix, Kye € R3*3, having zero and non-
zero elements according to the connectivity of the system, is
defined by

0 02770 0.4
0.1667 0 0. (26)
0 0 0

Ktrue =

For measurable species A-C, a large number of simulation runs
with different initial conditions and different time-profiles were
generated by using different random seeds. In Fig. 2, four represen-
tative data sets are shown. The data for a population size of 10° are
almost the same as the data from the deterministic simulation, as
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Fig. 2. Four representative sets of in silico data generated from SSA for 3-species reaction network system. Blue, green, and red lines indicate species A, B, and C respectively.
Solid lines depict time-profiles for a population size of 106, which is near the deterministic limit. And dashed lines depict time-profiles for a population size of 100. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

stochastic fluctuations tend to average out over the large popula-
tion size. On the other hand, for a population of 100, the data exhibit
significant stochastic fluctuations relative to total population size.
In the parameter estimation, the actual connections among
species A-C are assumed to be unknown, in which case the reaction
parameter matrix, K, to be estimated has the structure of

k]] ’(12 ’(13 0 k12 ’(13

K= kz] k22 k23 — k21 0 k23 (27)

k31 ’(32 ’(33 ](31 k32 0

The diagonal elements of the matrix,k;;, are set to zero since
those elements correspond to non-reactions that do not affect any
of the governing reaction equations. This assumption makes the
matrix, K, stable since it satisfies the condition of GerSgorin the-
orem (Zavlanos et al., 2011). Even when the assumption of zero
diagonal elements is relaxed, the stability constraints can be incor-
porated in the parameter estimation formulation.

4.1.1. Performance evaluation

With the generated dataset, the objective is to determine the
connectivity among the species in the reactions and associated
reaction rate constants using the MLE method. First, the perfor-
mance of the MLE method without regularization is compared with
the LSE method, which serves as a reference benchmark. The LSE
method simply finds the parameter matrix K minimizing the sum
of the squared errors between the stochastic data and predictions
based on the deterministic model,

r m-1

mind >~ (8 (tesn) - 3 (1)

j=1 k=1

(28)

In the above, the prediction of current state based on previ-
ous measurement data and the kinetic matrix A is obtained by
using the matrix differential Eq. (6). The exact discretization of the
matrix differential equation yields the matrix exponential. It can be
calculated by the forward Euler method or the bilinear transform
based on an approximate discrete model with small time steps. The
least-squares problem (28) is a multivariate nonlinear optimization
problem for unknown matrix K.

The constrained optimization for the MLE and the LSE were
implemented in MATLAB. The interior-point algorithm in fmin-
con in Optimization Toolbox was used for the optimization. For a
population size of 10°, the estimated parameter matrix from LSE,
averaged over the 10,000 datasets (one run in one dataset) was

0 0.2780 0.3990

0.1667 0 0.0002
0.0000 0.0000 0

RLSE,Avg = (29)

which is reasonably close to the true parameter matrix (26). On the

other hand, for a population size of 100, the estimated parameter

matrix from LSE, averaged over the 10,000 datasets was
0 0.3919 0.3783

0.1923 0 0.0214

0.0006 0.0007 0

Kise.avg = (30)

whichis significantly different from the true parameter matrix. MSE
(mean square error) over the 10,000 datasets was 2.44 x 1072. On
the other hand, the averaged parameter matrix estimated from MLE
with the same datasets without regularization was

0 0.2927 0.3826

0.1649 0 0.0092
0.0000 0.0000 0

K ave = (31)

which is much closer to the true parameter matrix. MSE over
the 10,000 datasets was 5.19 x 10~>, which means the estimated
parameter matrices from MLE were much more narrowly dis-
tributed around the true value than those from LSE. This example
indicates the importance of using the stochastic model in parame-
ter estimation in the case of a small population size. In the case of
a large population size (e.g., 10%), use of the deterministic model
appears well justified.

For this stochastic case, the comparison of MSE averaged over
10,000 trials with different datasets might not be sufficient to judge
the accuracy of the estimates from two estimation methods. Fig. 3
shows the asymptotical behavior of MSEs of MLE and LSE averaged
over increasing number of trials from 1 to 50,000. The averaged
MSEs of MLE have smaller bias than those of LSE.

Other key performance indices that can be used in comparing
the results from LSE and exact MLE are correctness with respect to
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Fig. 3. Averaged MSE for increasing number of trials. Blue solid line depicts the
averaged MSEs from MLE and red dashed line depicts the averaged MSEs from LSE.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Table 1

Two performance indices of K from MLE and LSE for 3-species reaction system.
Method MLE LSE
Prero® 1.22x107* 5.15x107*
Pron-zero® 1.02 x 1072 4.83 x 1072

2 The values were averaged over 10,000 datasets for the 3-species reaction system
with the population size of 100.

sparsity of the parameter matrix K and estimation of the parameter
values k,-j for the connected reactions. Firstly, zero elements in an
estimated matrix can be detected by using a tolerance criterion
which defines an upper limit ;« on the magnitude of the estimated
value. For example, if the tolerance is set as = 0.1, both LSE and
MSE correctly identify the zero elements. However, if the tolerance
is tightened to p = 0.01, LSE misses one zero element, k;3, while
the MSE still correctly identifies all of the zero elements.

Alternatively, accuracy of zero parameters (indicating the spar-
sity detection) and accuracy of non-zero parameters can be
quantified by the averaged MSE for the zero and non-zero elements
of the parameter matrix over P runs,

P RZ 4+R2 . +R2

Pyero = ZW (32)
i=1

o i (K21 - Rz1,i)2 + (KlZ - klz,i)z + (K13 - f(w,i)z (33)

3P

i=1
In Table 1, the MLE shows lower values for both performance
indices calculated by (32) and (33). That is, the proposed method
shows better detection of the sparsity and more accurate esti-
mation for the non-zero reaction rate constants even without
regularization.

4.1.2. Effect of inputs on performance and computation time

In actual biological systems, availability of repeated runs under
identical conditions is limited. The simulation study with a large
number of datasets for the 3-species reaction system is somewhat
artificial, but was useful for checking the basic performance of the
estimation methods. If possible, it would be better to estimate the
parameter matrix from a dataset containing multiple runs hav-
ing different dynamics. Table 2 shows MSEs of the estimates from
both the MLE and LSE methods with increasing number of runs
in the dataset. The results indicate that accuracy of the estimated
parameter matrix is improved when large datasets are provided for
both methods. In addition, MLE provides more accurate estimates
compared to LSE in all cases.

200 T
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100 1

50 T+

Computation time (sec)

0 t t t t |
0 500 1000 1500 2000 2500 3000
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Fig. 4. Computation time per one likelihood calculation with increasing population
size. Black circles indicate the calculated points and black line is smooth connection
of circles.

In Table 2, the averaged computation times of MLE are sig-
nificantly longer than those of LSE. Almost 90% of the total
computation time of MLE is taken up by formulating objective func-
tion (19) which includes generating all possible state configurations
(meshgrid), computing multinomial PDFs (mnpdf) and multi-
dimensional convolutions (convn). The call number of functions,
meshgrid, mnpdf, and convn in the beginning of the optimiza-
tion increases linearly with increasing number of runs (with a fixed
number of samples with the each run), resulting in the linear depen-
dency of total computation time with respect to dataset size. The
total computation time related with the main parts of the opti-
mization algorithm implementation, such as the updating of the
Jacobian and Hessian matrix, and the line search, is less than 0.1s.
This article considers the information-limited case (1 run in the
dataset) where the benefit of using a stochastic model in the esti-
mation formulation is maximized in terms of both accuracy and
computation time. Indeed, the information limited case reflects the
real experimental situation better.

Optimal estimation based on a model that tracks probabilities
over the discrete state space is computationally expensive when
the population size is large. Fig. 4 shows the computation time vs.
population size with a 3.40 GHz CPU computing machine. The com-
putation time is exponentially increasing with growing population
size. The computation time is based on just a single calculation of
likelihood function (19) given a parameter set.

Invoking the central limit theorem, we may hypothesize that,
with a large population size the actual distribution of states is
closely approximated by a normal distribution. A general rule is
that the approximation is adequate as long as the population size
is larger than 30 (Hayter, 2012). The result (29) for a population
size of 10° also showed that the least-squares estimation based on
the mass—average model assuming normal distributions provide a
sufficiently accurate solution within very short computation time
(<1s). In addition to this, “stochasticity” (the degree of random-
ness or noise variance) can be measured by a normalized root mean
squares error (RMSE) of the stochastic data from the deterministic
data,

(% (00 — & (60) /% (6))
r(m-1)

;
Stochasticity = Z (34)
j=1

k=2

where the stochastic data &; (t) are generated from the SSA and the
deterministic data X; (t; ) are obtained from Eq. (9). Fig. 5 shows that
the stochasticity rapidly drops in the earlier range of population size
from 100 to 1000. For a population size of 1000 or greater, LSE is
clearly a better choice in terms of computation time and accuracy.
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Table 2
Three performance indices of K and computation time from MLE and LSE with multiple runs for 3-species reaction system.
Size of dataset 1-run 5-run 10-run 20-run
MSE MLE 3.06 x 1073 6.69 x 1074 2.74x 1074 1.34x 1074
a LSE 3.06 x 1072 1.57x 1073 5.62 x 1074 3.27 x 107
Pyero? MLE 1.15x 1074 3.09 x 107 1.04x 107> 4.41x107°
LSE 6.88 x 1074 1.08 x 1074 4.49 x 107° 1.84x107°
Pron—zero® MLE 6.01 x 1073 1.31x1073 537 x 107 2.64x 1074
LSE 6.05 x 1072 3.02 x 1073 1.08 x 1073 6.35x 1074
Computation MLE 46.64 176.57 363.16 758.64
time LSE 0.97 1.27 1.83 6.05

gs)l'he values were averaged over 100 datasets for the 3-species reaction system with the population size of 100.

b The computation time was recorded using a workstation with 3.40 GHz.

0 2000 4000 6000 8000 10000

Stochasticity

L} 2 T T 9
0 200000 400000 600000 800000 1000000

Population size

Fig. 5. Stochasticity of the SSA data with increasing population size. Black circles
indicate the calculated points and black line is smooth connection of circles. Smaller
plot depicts a zoom-in of the population size from 0 to 10,000.
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Fig. 6. A 5-species biochemical reaction network. 5 circles indicate species A-E, and
each arrow indicates a monomolecular reaction with rate constants k;; where i and
Jj denote the ith species as a reactant and the jth species as a product. For example,
k15 is a rate constant of a reaction from the first species, A, to the fifth species, E.

4.2. Published case of a 5-species reaction network

To evaluate the performance advantage of proposed method
against more realistic biological problems, a reaction network sys-
tem containing 5 species and 6 monomolecular reactions studied
in August and Papachristodoulou, 2009 is considered with modifi-
cation. To make the problem more challenging, the population size
for all species in the system is assumed to be much smaller than the
3-species case, resulting in more stochastic dynamics (Elowitz et al.,
2002). For this problem, the regularized MLE is used for reducing
the model complexity.

Consider the biochemical reaction network depicted in Fig. 6
where the reaction kinetics involve n = 5 species S = {A—E}, and

Table 3

Three performance indices of K from MLE and LSE for 5-species reaction system.
Method MLE LSE
MSE? 4.09 x 1072 8.93 x 1072
Pero® 9.64 x 1072 1.01 x 107!
Pron_zero® 1.71 x 1072 8.45 x 1072

2 The values were averaged over 100 datasets for the 5-species reaction system
with the population size of 20.

the associated reactions are monomolecular reactions. The true
parameter matrix, K¢ue € R>*> is given as

0 0 0 0 0.8492
0.3386 0 0 0 0.4290
Ktrwe = | 0.8244 0 0 0.0563 0 (35)
0 0 0 0 0
0 0 0.7364 0 0

SSA simulations were used to generate data, in which the total
population is 20 (Fig. 7). Total simulation time is 50s with 1s
sampling time and the initial state is assumed to be uniformly
distributed. The data from the SSA simulations are used in the reg-
ularized MLE to identify the network structure and the associated
reaction parameters. The parameter matrix K to be estimated is

ki1 kiz kis kia kis 0 k12 ki3 kus Kis
ka1 kaa kas kag kos k21 0 kys kyy kos
K= | ka1 ks ka3 ksg kss | _, | K31 ksz 0 kg Kss (36)
kar ki kas Kaa Kkas ka1 kg kaz g kys
ks1 ksy ks ksa kss ksi ks, Kks3 ksa 0

where the diagonal elements of the matrix,k;;, are set to zero and
matrix K satisfies the stability matrix condition (Zavlanos et al.,
2011). The number of parameters to be estimated is 20.

The performance of MLE without regularization can be simply
compared with conventional LSE through MSE of the estimated
parameter matrices over 100 datasets. Table 3 shows the estima-
tion performance including the accuracy of all parameters, zero and
non-zero parameters, which are measured by MSEs for zero as well
as non-zero elements of the parameter matrix, similarly in (32) and
(33). Averaged MSEs from MLE are less than those from LSE, which
means that the estimated parameter matrices from MLE are more
narrowly distributed from the true parameter matrix than for LSE.
Also, the results from MLE show better detection of the sparsity and
more accurate estimation for the reaction rate constants.

The estimation errors for the 5-species reaction network system
are larger than those for the 3-species reaction system, which can
be attributed to the higher number of parameters to be estimated
as well as the higher degree of stochasticity in the data. The level
of model complexity should be controlled in estimating parameter
matrix by adding a regularization term to the MLE formulation.
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Fig. 7. Four representative runs generated from SSA for 5-species reaction network system. Blue, green, red, orange, and violet lines indicate species A, B, C, D, and E
respectively. Solid lines depict time-profiles for the system having a population size of 2 x 10°, which is near the deterministic limit. Dashed lines depict time-profiles for
the system having a population size of 20. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Consider the estimation performance for an increasing y in £1-
regularized MLE of (24). With an appropriate value of y > 0, some
of the network connections are expected to disappear without sig-
nificantly affecting the estimation performance. By following the
recursive algorithms (August and Papachristodoulou, 2009; Julius
etal.,2009), which generate a new sparse structure by repeating the
same optimization with an updated sparse structure, the reaction
parameter matrix can be further improved.

This approach is called the non-weighted recursive algorithm
(August and Papachristodoulou, 2009). This two-step estima-
tion process involves £;-regularized optimization followed by a
recursive optimization. In each iteration of the ¢1-regularized opti-
mization with a fixed y, entries that are small (less than a threshold
factor §) are set to zero in the subsequent iterations. The recursive
optimization is performed until estimated parameter matrix K con-
verges. The estimation results are truly dependent on the value of
& which can be tuned to adjust the degree of sparsity.

Three different parameter estimation methods are performed
with the dataset containing a single run: (1) MLE, (2) £;-regularized
exact MLE, and (3) ¢1-regularized exact MLE with non-weighted
recursive algorithm. The datasets containing multiple runs are not
tested here as they rarely occur in practice and the computational
time of the MLE calculation grows rapidly.

As a reference, the sparse parameter estimation is started with
the MLE in (24) with y = 0, which gives

0 0 0 0 0.8913
0.3514 0 0 0 0.1671
Kwmig,y—0 = | 0.5664 0 0 0.0339 0.1917 (37)
0 0 0 0 0
0.1877 0 0.6354 0.0162 0

where eleven entries in the parameter matrix are detected as zero
parameters. With y = 10, the estimate becomes

0 0 0 0 0.5653
0.2234 0 0 0 0.0774
Kwmig,y—10= | 04913 0 0 0.0304 0.0264 (38)
0 0 0 0 0
0.0065 0 0.4479 0.0166 0

where two more entries, k51 and k35 shrink dramatically. When the
weight parameter is further increased to y = 20,

0 0 0 0 0.4623
0.1540 0 0 0 0.0563
KwmiE,y—20 = | 0.4065 0O 0 0.0277 0.0160 (39)

0 0 0 0 0
0 0 0.3732 0.0165 0

where ks; finally becomes zero and kss further shrinks. In this
manner, the relationship between increasing the y value and the
estimated parameter matrix can be observed. For larger y values,

0 0 0.0290 0.0035 0.2845

00760 0 0 0  0.0345
Kmig—s0= | 0.2588 0 0  0.0212 0.0322 (40)
0o 0 o0 0 0
0.0159 0 0.2449 0.0136 0O

0 0 0.0475 0.0059 0.1601
0.0400 0 O 0  0.0217
Kwmigy—100= | 0.1510 0 0  0.0155 0.0435 (41)
0o 0 o0 0 0
0.0311 0 0.1483 0.0098 0

Beyond y = 50, three wrong connections, ks, k13, and k14, suddenly
appear and the number of connections are increased. The effect of y
value also can be seen by comparing MSE, Pzero, and Ppon—zero Of the
estimation results (Fig. 8). The MSE and Ppon_zero have the lowest
values when there is no regularization (y = 0) in the parameter
estimation. The estimated parameter matrix for y = 20 shows the
lowest P,ero value among the tried cases, as plotted in Fig. 8.

In practice, the MSE, Pzero, and Ppon—zero cannot be used to choose
a y value because the true parameter matrix is not known. Instead,
plot of the negative log-likelihood function term in (24) versus the
{1-norm penalty term in (24) (Fig. 9). The negative log-likelihood
function indicates the fitness of data for the model and the £;-norm
penalty for the model parameter matrix indicates the model com-
plexity. The curve shows that a y value around 20 reduces the model
complexity significantly with relatively a small compensation for
the likelihood function in this case.
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Fig. 9. The negative log-likelihood function vs. the £;-norm penalty for the model
parameter matrix. Black circles indicate the calculated points and black line is
smooth connection of circles.

After choosing a y value (y =20), we can use a recursive
algorithm, which repeats the regularized MLE calculations with
the updated information about a parameter matrix structure. The
estimated parameter matrix from the non-weighted recursive algo-
rithm with § = 0.02 (which is slightly larger than the minimum
value in (39) of 0.016) converges to

0 0 0 0  0.4730
0.1541 0 0 0  0.0558
Kwiey—205-002 = | 04164 0 0  0.0481 0 (42)
0 0 0O 0 0
0 0 0389 0 0

where the two additional entries, k54 and k35, become zero param-
eters. Ultimately, 6 correct connections in the reaction network
are detected. The regularized MLE and recursive algorithms were
more effective in identifying the reaction topology, compared to
the result of MLE of (37). For the fixed network structure in (42),
the corresponding parameters can be estimated by using the MLE
method without considering a regularization term, to give

0 0 0 0 0.8338
0.3980 0 0 0 0.1205
Kyvig=|0.7438 0 0 0.0540 0 (43)
0 0 0 0 0
0 0 0.6455 0 0

which is much closer to the true parameter matrix. Following the
same procedure, the final structures and parameter values obtained
with different datasets are

0 0 0 0  0.7823]
03064 0 0 0 06269
Kwig= 07398 0 0 00716 0 (44)
0 0 0 0 0
| 0 0 06363 0 0 |
o o0 o0 0 0 ]
09333 0 0 0 07707
Kwie= |0.7033 0 0 00716 0 (45)
0 0 0 0 0
| 0 0 06069 0 0 |
o o0 o0 0  0.9884]
07692 0 0 0 0
Kvie= |0.8870 0 0  0.0909 0 (46)
0 0 0 0 0
| 0 0 09068 0 0 |
0o o0 o0 0  1.0619]
0 0 0 0 08571
Kwie= |05436 0 0 00552 0 (47)
0 0 0 0 0
02112 0 05169 0 0 |

where (45)—(47) have some misses in connectivity determination.
The connectivity is correct in the middle three columns for all of the
matrices, and with nonzero values of similar values to the exact
matrix. The connectivity is correct in the first column for all but
one matrix, and one or both of the nonzero elements are correctly
identified in the last column.

System identification of a biochemical system which typically
has a complex reaction network structure and highly stochastic
dynamics is a challenging problem. However, the exact MLE formu-
lation, a regularization method, and a recursive algorithm can be
combined to discover better solutions for such problems. The pro-
posed strategy is computationally efficient for the reaction network
system having a small population size (~100) and a small num-
ber of components (~5). Furthermore, many biological network
systems such as metabolic networks or gene regulatory networks
come with a priori known connectivity structures inferred from
biological knowledge. This prior information about the network
structure can be easily incorporated into the optimization formula-
tion as constraints. This procedure would enable us to obtain more
accurate solutions.

5. Conclusions

A regularized maximum likelihood estimation (MLE) method
is presented for determining the interaction topology of a bio-
chemical reaction network system. The regularized MLE method
is formulated by combining a closed-form solution of the chem-
ical master equations that describe stochastic monomolecular
biochemical reaction systems with an £;-penalty term for the
parameter matrix. Improved performance of the MLE method and
recursive algorithms is demonstrated by using stochastic simula-
tion data for 3- and 5-species monomolecular reaction network
systems. The proposed method showed an improved ability to
identify a sparse structure of the parameter matrix and estimate
the associated reaction rate constants. The proposed method can
potentially be used for robust reaction network identification prob-
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lems such as found in metabolic networks or gene regulatory
networks.
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