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The discovery that crystal nuclei can be generated by combining hot and cold saturated solutions in a
dual-impinging-jet (DIJ) mixer motivates the theoretical analysis in this article. Nucleation is shown to be
facilitated in solute-solvent systems that have much higher energy transfer than mass transfer rates near
the impingement plane between the two jets. One- and two-dimensional spatial distributions of velocity,
temperature, concentration, and supersaturation provide an improved understanding of primary

Kgyword;: nucleation in cooling DI mixers. In the most important spatial region for characterization of nucleation,
Micromixers . . . . .
Nucleation the two-dimensional fields are shown to be very close to analytical solutions derived from a one-

dimensional approximation of the energy and molar balances. This simplification enables the derivation
of design criteria that facilitates assessment of whether any particular solute-solvent combination will
nucleate crystals in a cooling DIJ mixer, based on the physicochemical properties of the system. These
criteria could save time and material by avoiding or reducing trial-and-error experiments, which is
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Crystallization

helpful at the early stage of pharmaceutical process development.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

A key objective in pharmaceutical crystallization is to control
the crystal size distribution (CSD), to improve process efficiency
and product quality. An effective way to improve the control of
CSD is through combining continuous seeding and growth
with concentration control [1]. One well-studied approach for
continuous seeding is to combine solution and anti-solvent
streams in a dual-impinging jet (DIJ) mixer [1-5]. The underlying
principle is that, at appropriate flow rates, such a DI] mixer
can generate high-intensity micro-mixing of fluids to quickly
achieve a nearly spatially homogeneous composition of high
supersaturation before the onset of primary nucleation. An
inexpensive DIJ mixer can be used to rapidly generate a large
production rate of small crystals and remove any need for post-
crystallization milling, which simplifies the overall manufacturing
process and avoids a potential route for the generation of an
undesirable polymorphic transformation [2,3].

Rather than anti-solvent crystallization as commonly used, a
cooling DIJ mixer was recently demonstrated that combined hot and
cold saturated solutions under laminar flow conditions to generate
small uniform seed crystals of an organic compound [6]. All of the
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crystals from the cooling DI mixer were about 10 wm in length,
placing them in the approximate size range for direct application in
inhalers [7]. Theoretically, if the mixing was perfect (that s, solution
concentrations and temperature were completely mixed at the
molecular scale in the mixer), the average supersaturation level in
Ref. [6] was too low to nucleate the crystals in a cooling DIJ mixer.
The surprising result of nucleating crystals by combining hot and
cold saturated solutions in a DI] mixer motivates the theoretical
analysis of the system in this article. Also, it would be useful at the
early stage of process research and development to be able to quickly
decide on compound-solvent combinations for DIJ mixers without
the time-consuming trial-and-error experiments that are currently
used [4]. These two motivations lead to the main objectives of
this article: (i) to improve the understanding of primary nucleation
under laminar flow conditions in cooling DIJ mixers, and (ii) to
develop design criteria for cooling DIJ mixers to quickly rule out
unsuitable compound-solvent combinations based on their physi-
cochemical properties. The primary emphasis is on the free-surface
DIJ mixer configuration, which is simple and flexible to implement
experimentally [8], although the results are relevant to other DI]J
mixer configurations operating under laminar flow conditions.

A mathematical model is developed for a DIJ mixer that
combines thermodynamics, kinetics, fluid dynamics, and heat and
mass transfer. The mathematical model is in the form of partial
differential equations, simplified by exploiting symmetries and
employing scaling analysis. The theoretical analysis is supported
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with process simulation. The two-dimensional energy and molar
balances are solved using COMSOL given an analytical solution for
the velocity field, to generate spatial distributions of temperature,
concentration, and supersaturation near the hot-cold interface
within a cooling DIJ mixer. Compared to past work with similar
DI geometries (e.g., confined dual jets) that mainly used
numerical simulations to investigate flow and heat/mass transfer
characteristics [1,9-12], analytical expressions are derived that
provide physical insight, which are compared and supported with
numerical results. Based on these analytical solutions of velocity,
temperature, and concentration spatial distributions, design
criteria are developed for assessing the feasibility of crystal
nucleation in cooling DI] mixers for specific pharmaceutical-
solvent combinations, and for choosing operating conditions to
increase the probability of primary nucleation.

2. Theory

An analytical solution for the local flow field near the interface
between two impinging jets can be derived for a partial differential
equation simplified by exploiting symmetries. Assumptions are
presented and justified that are subsequently used to determine
temperature and concentration spatial distributions via analytical
and numerical approaches.

2.1. Assumptions with justifications for deriving an analytical solution
of the DIJ local velocity field

A schematic of a DIJ mixer is shown in Fig. 1a, with an example
set of operating parameters in Table 1 and the analytically
computed jet shape for laminar flow conditions in Fig. S1.
Nucleation can only occur very close to the impingement plane
between the two jets, since the supersaturation is zero far from the
impingement plane and can only be significantly greater than zero
when the jets are close enough to transfer heat and solute with
each other. The region with the highest potential of nucleation is of
most interest, which is where the residence time is the longest,
shown as an orange box in Fig. 1a and referred to as ‘local’ here. Like
some past studies that have mathematically modeled similar
geometries (e.g., single free-surface jet impingement on a normal
plane [13-15] or dual-impinging jets [16]), three assumptions are
made to simplify the analysis:

(i) The fluid is assumed to be laminar, irrotational, and in steady
state.

(ii) The flow is assumed to be axisymmetric and the two
impinging jets are assumed to have the same velocity field
but in opposing directions.

(iii) The flow is assumed to be incompressible with constant values
of density and viscosity.

In the experimental study that demonstrated the nucleation of
crystals by mixing hot and cold saturated solutions [6], the
Reynolds number indicates that the flow was in a laminar regime,
which is the regime of interest in this article. As an example, the
Reynolds number at the exit, Re= pUL/u, is on the order of 600
(using jet velocity v, and inner diameter 2ro, with density and
dynamic viscosity values in Table 2) or smaller [17]. No splattering
is expected at such a low Reynolds number [18].

The axisymmetric assumption simplifies the analysis while
being a good approximation for free liquid (unconfined)
opposed-jet DIJ configuration with a flow rate ratio of 1:1. The
two jet flows are considered symmetric with respect to
the impingement plane (aka contact plane between the low
temperature/low concentration fluid and the high temperature/
high concentration fluid), with each side of the impingement
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Fig. 1. (a) Schematic of a free-surface cooling DIJ mixer. The centerlines of hot
(70°C, red, right side) and cold (25°C, blue, left side) jets align. Both jets have the
same volumetric flow rate, so the impingement plane is a symmetry plane
perpendicular to the jet centerline. (b) Streamlines of the hot (red, right side) and
cold jets (blue, left side) of the cooling DI] mixer in (a), from the analytical solutions
of the flow field (1) and (2). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

plane being a jet of circular cross-section of radius R (Fig. 1a
and b). The symmetry allows the convenient use of cylindrical
coordinates (Fig. 1a), where the z direction is that of jet centerline
(positive direction on the right side of the impingement plane),
and the r direction is perpendicular to z pointed outward
from the centerline. The angular velocity parallel to the interface
(vp) is zero.

The assumption of spatially uniform density simplifies the
analysis while being a good approximation for the impingement of
two saturated solutions containing the same solute and solvent. As
a specific example, the density of LAM aqueous solution (or slurry
with very small amount of nuclei) in Table 1 is a weak function of
temperature and concentration, so the densities for cold, hot, and
mixed LAM solutions/slurries are nearly identical, and of similar
magnitude as the density of water at the average temperature.
Liquid flow with uniform density is incompressible by definition.
The dynamic viscosity of LAM aqueous solution is a stronger
function of solute concentration and temperature compared to
density, but in this DIJ configuration, the viscosity difference
between hot and cold streams does not affect the velocity field
(which is proved in the solution key to question 9-10b in Ref. [16]).
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Table 1

Experimental parameters for the cooling crystallization of L-asparagine monohydrate (LAM, from Sigma-Aldrich) in a free-

surface DIJ mixer with aligned centerline [8].

Physical properties Values

Molecular weight (g/mol) 150.13

Hot jet temperature, Tho (°C) 70

Hot jet concentration, cno. (g LAM/g water) 0.20 (slightly supersaturated)
Cold jet temperature, Teoiq (°C) 25

Cold jet concentration, cco1q (g LAM/g water)
Area-average jet velocity, v, (m/s)

0.03 (saturated)
1.9 (or slightly higher)

Inner diameter of the jet nozzle, 2ro (um) 254
Jet nozzle-to-interface distance, zo (um) 5000
The largest distance away from the centerline at interface, R (pum) 5000

The relation between the solubility of LAM in deionized (DI) water (csa, in gLAM/gwater) and temperature (T, in °C) is
Csar=3.084 x1072T—1.373 x 10 3T+5.214 x 10> T? [6]. Thus the solubility of LAM at the average mixing temperature
(approximately 47.5°C, the average of the temperatures of two streams) is about 0.08 g LAM/g water.

Table 2

Physical constants associated with the crystallization of glycine in water [23].

Physical properties

Values

Density, p (kg/m?>)

Dynamic viscosity, & (Ns/m?)

Thermal conductivity, k (mW/mK)

Heat capacity, C, (k]J/kgK)

Thermal diffusivity, & =k/pC, (m?[s)

Diffusion coefficient of glycine in water at infinite dilution, D (cm?/s)
Acceleration due to gravity, g (m/s?)

977.8 (70°C), 997.1 (25°C)

0.4 x 1073 (70°C), 0.58 x 103 (47.5°C), 0.9 x 1073 (25°C)
663.1 (70°C), 607.2 (25°C)

4.19 (70°C), 418 (25°C)

1.6 x 1077 (70°C), 1.5 x 1077 (25°C)

1.05 x 107 (25°C)

9.81

The temperature and concentration variations are small and do not
affect the velocity field.

2.2. Analytical solution of the DIJ local velocity field

Under the assumptions, the velocity field derived using
streamline analysis is [16]

_ 1oy

v =5 =Cr (>0 (1)
_ 13y

Vo= =-2Cz (< 0forz>0) (2)

As an example of the determination of the constant C, consider
an experimental system with a nozzle-to impingement plane
distance of z=zy=5 mm with a jet velocity along the jet centerline
of v;; = —1.9m/s; then the constant C determined from Eq. (2) is
C = Vv, /220 = 190s~!. A momentum boundary layer does not
develop, as there are no sharp gradients in the velocity field where
two jets impinge.

2.3. Assumptions for calculation of temperature and concentration
spatial fields

The temperature and concentration spatial distribution of
liquid within a DIJ mixer is calculated via both analytical and
numerical approaches. The governing equations of heat and mass
transfer up to the incidence of nucleation is

Vngvg—a 12 rg +ﬂ (3)
"or " F0z  |ror\ or 022

dc  dc 19/ 0c\ &
vr§+vz§ _D{r8r<r8r> +822] (4)

where « is thermal diffusivity and D is the molecular diffusivity.
The boundary conditions for the temperature T(r, z) are

aT
57(0:2) = 0, T(r,20) = Tnor = 70°C, T(r, =20) = Teota =25°C  (5)

where some example temperature values are given. For the
experimental configurations of interest, the boundary conditions
can be approximated to very high accuracy by

oT

57(0.2) =0, T(r,00) = Thor = 70°C, T(r,~0) = Tegia = 25°C.

The corresponding boundary conditions for concentration c(r, z)
are
%(O,z) =0, ¢(r,00) = Chot = 0.20 g LAM/g water, c(r, —c0)
= Ceoiq = 0.03 g LAM/g water, (6)

where some example concentration values are given.

For both the heat and mass transfer Eqs. (3) and (4), assume that
(i) the analytical solution for the velocity field (1) and (2) is valid
for the region of interest (Fig. 1a); (ii) the air/liquid interfaces are
assumed to be streamlines from the analytical solution for the
velocity field, starting from the edge of the inlet nozzles; (iii) the
thermal diffusivity « is approximated as a constant. Assumption
(iii) is a very accurate approximation for most systems; for
example, « varies by less than +3.5% and the molecular diffusivity
D is constant over a wide range of temperature for the system in
Table 2.

All numerical simulations were made using the finite element
method as implemented in COMSOL V4.3, using two additional
assumptions:

(i) Uniform temperature and concentration at the nozzle inlets.
(ii) No mass or heat flux at the air/liquid interfaces (including very
far from centerline).

The latter assumption holds because air is an excellent
insulator. One-dimensional analytical solutions involve additional
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approximations described in the next section, where the analytical
solutions are derived and compared to the numerical simulations.

3. Results and discussion

This section employs scaling analysis to simplify the heat and
mass transfer equations from two dimensional (2D) to one
dimensional (1D) so that relatively simple analytical solutions
can be derived. The approach employs boundary layer theory, as
concentration and thermal boundary layers arise due to the large
difference in concentration and temperature in the two impinging
jets, which generates large spatial gradients near the impingement
plane. For the region of interest, the 1D analytical solutions are
shown to be comparable to the 2D numerical solutions except near
the outlet flows. Based on the analytical solutions for the
temperature and concentration spatial fields, the supersaturation
profile is analyzed for regions of high potential for nucleation,
which leads to design criteria for inducing nucleation in cooling DIJ
mixers.

3.1. Flow field and residence time

A good understanding of the velocity field is a prerequisite for the
analysis of heat and mass transfer. The fluid flows are decelerated in
the radial direction while approaching the impingement plane
(Egs. (1) and (2), Fig. 1a), and diverted radially and accelerated
in the radial direction, due to the fluid mass balance and finite
volume of the region of interest (orange box in Fig. 1a, with small r
and z). Egs. (1) and (2) are analytical expressions for the velocity
field that are valid for the region of interest.

The liquid velocity in the z-direction is very small near the
impingement plane, making the residence time very large for
liquid moving along the jet centerline (Fig. 1b). According to Eqs.
(1) and (2), the residence time exactly on the jet centerline is
infinite. In reality, liquid will not flow exactly along the centerline
(due to molecules having finite size, small fluctuations, etc.), so the
residence time of a fluid element in the zone of interest is finite but
still much longer than any other fluid regions.

3.2. Scaling analysis for the temperature and concentration spatial
distributions

The independence of the heat and mass transfer governing Eqs.
(3) and (4) enables independent analysis. In the region of interest
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Fig. 2. Schematic for scaling analysis and defining the region of interest (only the
hot jet side is shown due to symmetry). The z axis is the jet centerline. The blue
region (large r,large z) is air, which is not in the control volume. Temperatures and
concentrations in the purple (large r, small z) and brown (large z, small r) regions are
approximately spatially uniform, serving as boundary conditions (with values
listed). The green region (small r, small z) of low velocity and long residence time is
of interest for nucleation. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

(Fig. 2), the temperature gradient along impingement plane
(0T/ar) is negligible compared to along the centerline (dT/dz)
because the dominating direction of heat transfer (conduction)
is from hot jet to cold jet [16]. In this way, the two-dimensional
energy conservation Eq. (3) can be simplified to a one-dimensional
equation,

aT T
VZ& =u 92 (7)
along the centerline. This simplified equation has the unique
analytical solution [16]

T- Tcold 1 ( ( Z ) )
= erf +1 8
Thot - Tcold 2 Zreth ( )

where z..q, = 1/¢¢/C. For the system in Table 2, zZem=28.1 um.

This analytical solution (8) is in the form of an error function,
indicating a sharp temperature gradient at the impingement
plane (z=0) and high nonlinearity along the axial direction
(Fig. 3c). The error function also indicates temperature gradient
drops to nearly zero at a distance of about z.m; from the
impingement plane (supported by Fig. 3a-c). For the region of
interest (near r=z=0), the 1D analytical solution (Fig. 3c)
generates a very similar temperature profile to the 2D simulation
from COMSOL (Fig. 3b), which confirms the validity of the scaling
analysis used to derive the 1D analytical solution.

Similar scaling analysis applies for the concentration field, to
give

ac ?c
Vz& = D@ (9)

Similar to the temperature equation, the simplified concentra-
tion Eq. (9) has the unique analytical solution [16]

ﬂ:%erf( z ) +1> (10)
Chot — Ceold 2 Zrefm
where Z.s, = /D/C. For the system in Table 2, Zyefm = 2.35 pum.

The assumptions and governing equations for heat and mass
transfer are very similar, and heat transfer is decoupled from mass
transfer, thus the analytical solutions for the temperature and
concentration profiles (8) and (10) are expected to be very
similar. The trend of the concentration variation is very similar
to the temperature, with sharp gradient at the impingement
plane and nonlinear gradient along the z axis as shown in
Figs. 3 and 4. For the region of interest, the 1D analytical model
(Fig. 4c) generates a very similar concentration profile to the
2D simulation from COMSOL (Fig. 4b). Thus for assessing
the potential of primary nucleation, the analytical model is
sufficiently accurate.

The difference between heat and mass transfer exists in the
length scale along centerline (in the example system, Z.oq =28.1
m for the temperature gradient change, and z;efm =2.35 um for
the concentration gradient change, as shown in Figs. 3-5), which
comes from the difference in heat and mass transfer rates. This
difference can be indicated by the large value of Lewis number
(Le=143), which is the ratio between thermal diffusivity and mass
diffusivity («/D), and also the ratio of the Schmidt number to the
Prandtl number.

3.3. Supersaturation spatial distribution and design criteria

The supersaturation spatial distribution was calculated
(Figs. 5 and 6) based on the analytical solutions for the temperature
and concentration profiles in the region of interest (Figs. 3c and 4c).
Due to the different heat and mass transfer rates, the temperature
of the hot solution can drop toward the average temperature of the
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Fig. 3. Temperature field: (a) computed by 2D simulation using the finite element method implemented in COMSOL, at the full length range with the dimensions being the
nozzle-to-nozzle distance and the contact area diameter; (b) computed by 2D simulation using the finite element method implemented in COMSOL, very near the
impingement plane (small range of z, as if ‘stretching’ (a) horizontally); (c) 1D analytical solution near the impingement plane, with the streamlines shown in black. The
temperature is indicated by color (red indicates high temperature, and blue indicates low temperature), in unit of °C, and the black lines are streamlines. The cold impinging
jetisonthe left, and the hot impinging jet on the right. The white color shows air at room temperature. The edges between air and liquid are streamlines starting from the edge
of the inlet nozzles. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

two solutions before its solution concentration has significantly
changed (Fig. 5). Supersaturation can be much higher than the
spatially averaged supersaturation (e.g., 0.035gLAM/gwater)
near the impingement plane at the hot stream side (e.g.,
0.10g LAM/g water, from Fig. 6 or Region A in Fig. 7), where the
temperature (and the solubility) is low while the concentration
remains high (Figs. 5 and 7). Between the impingement plane
and Region A on the hot stream side (marked as Region B in
Fig. 7), the residence time is very high (due to low velocity) with
positive supersaturation (though not as high as in Region A).

The high local supersaturation with long local residence time
encourages the nucleation of crystals in a DIJ mixer by combining
hot and cold saturated solutions. This analysis leads to two
design considerations for preferentially nucleating in a cooling DI]J
mixer:

(i) Calculate the Lewis number for the solute/solvent system. A
large value of «/D favors the generation of a region of high
supersaturation (Region A in Fig. 7).

(ii) Choose inlet temperatures and concentrations for the two jets
so that the average supersaturation is as high as possible at the
set jet velocity (or flow rate) ratio. For 1:1 ratio of flow rates
from the two jets, the average concentration of hot and cold

streams should be set as high as possible relative to the
solubility at the average temperature, that is, so that the
inequality 1/2(Chot + Ceold) > Csat, Ty +Tea/2 NOlds with as large
of a gap as possible.!

Region A can be related to a metastable limit obtained from a
batch crystallization experiment. The average of the inlet jet
concentrations does not need to be above the metastable limit
in the crystallization phase diagram for nucleation to occur,
but the peak concentration in the spatial domain should be.
The metastable zone width in a benchtop well-mixed tank
experiment will be lower than the metastable zone width in a
dual-impinging jet experiment, due to the larger volume and
the presence of a stirring blade in the well-mixed tank [19]. To
induce nucleation in a dual-impinging jet mixer, the maximum
concentration should be higher than the metastable limit at its
corresponding temperature, which is described by the analytical
expression

! The inequality is almost always satisfied for organic compounds with convex
solubility curves, such as LAM for the concentrations in Table 1, 1/2
(0.2+0.03)=0.115>0.08.
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maxz{%(erf< z ) + 1) —M} >0, (11)

Zrefrrz Chot — Ccold

which is derived from the 1D analytical solution (10) for the
concentration.

For a particular system, if this condition (11) does not hold, then it
is very unlikely that nucleation will occur in the cooling DIJ mixer.
Several approaches are available to increase the potential for primary
nucleation. One approach to increase both the peak supersaturation
and the left-hand side term in Eq. (11) is to increase cnor by making
the hot solution supersaturated (but not so supersaturated as to
nucleate when standing in its feed tank). If aggregation or oiling out
phenomena is observed during DIJ mixing, then the concentration
at the high temperature should be reduced.
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Fig. 7. Concentration (blue curve), solubility (dark orange curve) and supersatura-
tion (red curve) profiles along the jet centerline based on the 1D analytical
solutions. Region A (dark purple) is the high supersaturation region, located
between the thermal and concentration boundary layers, closer to the latter. Region
A is just above the metastable limit for cooling DIJ, which is higher than the
metastable limit in a cooling bath (dark green dashed line) due to smaller volume
and faster cooling rate. Region B (light purple) is a long residence time region with
slow velocity, located very near the jet centerline and the impingement plane. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

A second approach to facilitate primary nucleation is to
reduce the inlet jet velocity (but not so low that the jets no longer
impinge). Lowering the jet velocity increases the residence time
(the Cin Eq. (1) becomes smaller and the zfy, in Eq. (11) becomes
larger).

Another approach is to increase the nozzle-to-impingement plane
distance zo to decrease C and increase zfm,. The use of this approach
is limited as longer distance will make the jet centerline alignment
more difficult. When using the second and third approaches, the
dependency of cpeta 0N z should be taken into account.

4. Conclusions

The primary nucleation of crystals by combining saturated hot
and cold solutions in a cooling DIJ mixer is analyzed, mostly in terms
of derived analytical expressions for the velocity, temperature,
concentration, and supersaturation fields. The analytical solutions
with a 1D approximation of the temperature and concentration
fields are accurate in the region of interest, as confirmed by 2D
numerical solutions by the finite element method.

Design criteria were developed to provide guidance for achieving
nucleation within a cooling DIJ mixer: (i) the Lewis number /D > 1,
so that the heat transfer is much faster than mass transfer, and (ii)
the solute concentration on the hot side of the interface should be
higher than the metastable limit. The higher heat transfer rate than
mass transfer rate enables the temperature of the hot solution to
dropto approximately the average temperature of the two solutions
before its solution concentration had significantly dropped,
resulting in a supersaturation sufficiently high to nucleate crystals
even at low spatially averaged supersaturation. Several approaches
were suggested to facilitate nucleation: (i) increase the concentra-
tion of the hot inlet stream, (ii) decrease the inlet jet velocity; and
(iii) increase the distance between the two jets. The design criteria
provide guidance, at the early stage of process development, for
researchers to quickly identify compound-solvent combinations
that will not nucleate crystals within DI] mixers, based on their
physicochemical properties.

The analysis of the cooling DIJ mixer may be extended to other
free-surface DIJ mixer configurations such as the use of oblique
angles between the inlet nozzles or flow rate ratios other than 1:1.
In the latter case, the symmetry analysis and flow field calculations
will be different [13,15,20,21]. The design criteria involve principles
that are more general than the specific assumptions used in their
derivation, and may also provide guidance to other devices that
generate small uniform-sized crystals through mixing hot and cold
streams, such as radial or coaxial mixers [22].
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