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Technical Notes and Correspondence

On the Analysis of the Eigenvalues of Uncertain Matrices byμ andν:
Applications to Bifurcation Avoidance and Convergence Rates

Masako Kishida and Richard D. Braatz, Fellow, IEEE

Abstract—Based on the structured singular value μ and the
skewed structured singular value ν, this technical note presents
several useful relationships between an uncertain matrix ex-
pressed in a linear fractional form and its eigenvalues. The results
are used to derive 1) sufficient conditions to avoid bifurcations
for systems with parametric uncertainties and 2) bounds on the
convergence rate for uncertain stable matrices and uncertain
Markov matrices. Illustrative examples are also provided.

Index Terms—Uncertain systems, eigenvalues, bifurcation, sta-
bility analysis, robust stability.

I. INTRODUCTION

The eigenvalues of a matrix play many important roles in science
and engineering. In structural mechanics, the eigenvalues determine
the vibration frequencies. In rigid body dynamics, the eigenvalues of
the moment of inertia tensor are the principal moments of inertia,
which determine the ease of rotation. In population ecology, the largest
eigenvalue of the Leslie matrix determines the long-term growth rate.
In multivariate data analysis, the eigenvalues are a measure of the
data variance, which can be used in dimensional reduction. In control
engineering, the eigenvalues of the state matrix for a linear time-
invariant system determine the stability of the system.

The eigenvalues of a matrix can be computed in polynomial time
using iterative methods, and hence properties computed from eigen-
values, such as stability, are also computable in polynomial time.
Matrices for real systems typically have uncertainties, however, and
the computation of even relatively simple properties for an uncertain
set of matrices is NP-hard (e.g., [2], [3]).

A useful tool to analyze the effect of uncertainties is the struc-
tured singular value μ [4]–[6], which has been used to analyze the
performance and robustness properties of linear dynamic systems.
Although the computation of μ is known to be NP-hard [3], various
methods have been developed to compute upper and lower bounds in
polynomial time [7]–[10].

This note uses μ and its variant, the skewed structured singular
value ν, to provide ways to obtain useful information on the eigenval-
ues of uncertain matrices, which is then applied to derive nonexistence
conditions for bifurcations for a nonlinear dynamic system [1] and
bounds on the convergence rates of uncertain stable matrices and
uncertain Markov matrices.
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This note is organized as follows. Section II provides a preliminary
mathematical background. Section III presents the main theorems.
Based on the results in Section III, Section IV derives necessary
conditions for the nonexistence of bifurcations, and Section V derives
conditions on the state convergence rate. Section VI provides numeri-
cal examples, and Section VII concludes the presentation.

II. MATHEMATICAL PRELIMINARIES

The sets of real numbers, real vectors of length n, and real matrices
of size n×m are denoted by R, Rn, and R

n×m respectively. The
sets of complex numbers, complex vectors of length n, and complex
matrices of size n×m are denoted by C, Cn, and C

n×m respectively.
MT denotes the transpose of a real matrix M , M∗ denotes the
complex conjugate transpose of a complex matrix M , and mij denotes
the i, j-element of a matrix M . The identity matrix is denoted by I ,
and the vector of ones is denoted by 1.

For a vector v ∈ C
n, ‖v‖∞ is the maximum norm and ‖v‖2 is

the Euclidean norm. The maximum singular value of a matrix M
is denoted by σ̄(M) or ‖M‖2. The ith eigenvalue of the matrix M
is denoted by λi(M) and the spectrum of a matrix M , denoted by
σM , is the set of eigenvalues of M , det(M) is the determinant of
a matrix M , and tr(M) is the trace of a matrix M . The Kronecker
product of two matrices M and N of dimensions l × k and p× q is

M ⊗N =

⎡
⎣m11N · · · m1kN

...
. . .

...
ml1N · · · mlkN

⎤
⎦, vec(M) is the vectorization of

a matrix M , and diag[M1, · · · ,Mn] is a block-diagonal matrix with
Mi on the diagonal. For a given matrix block structure K(mr,mc) =
(k1, · · · , kmr , kmr+1, · · · , kmr+mc), the sets of structured uncertain-
ties are defined as in (1)–(3), as shown at the bottom of the next page.
With a given matrix block structure K(mr,mc), Δ is an m by m

matrix, where m =
∑mr+mc

i=1
ki.

For matrices M =

[
M11 M12

M21 M22

]
and Δ of compatible dimensions

with nonsingular (I −M11Δ), the (upper) linear fractional transform
(LFT) is Fu(M,Δ) := M22 +M21Δ(I −M11Δ)−1M12, which is
well-posed as long as det(I −M11Δ) �= 0.

Definition 1 (Structured Singular Value μ [11], [12]): For M ∈
C

m×m and K(mr,mc), the structured singular value μ is defined as

μK(M) =
1

min {k ≥ 0 : Δ ∈ kBΔK s.t.det(I −MΔ) = 0}
unless no Δ ∈ kBΔK exists that makes I −MΔ singular, in which
case μK(M) = 0. ♦

Definition 2 (Skewed Structured Singular Value ν [13]): For M ∈
C

m×m, K1, and K2, the skewed structured singular value ν is
defined as

νK1,K2
(M)

=
1

min

{
k ≥ 0 : Δ1 ∈ BΔK1

,Δ2 ∈ kBΔK2
,

Δ = diag[Δ1,Δ2], s.t. det(I −MΔ) = 0

}
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unless no k exists for Δ2 ∈ kBΔK2
that makes I −MΔ singular, in

which case νK1,K2
(M) = 0. ♦

III. EIGENVALUES OF Fu(M,Δ) AND μ AND ν

The next theorem determines whether an uncertain matrix has a
specific eigenvalue λ ∈ C.

Theorem 1: Consider a well-posed uncertain square matrix

Fu(M,Δ) ∈ C
m×m, Δ ∈ BΔK

and suppose that λ ∈ C is not an element of σM22
. Then Fu(M,Δ)

does not have an eigenvalue λ for any Δ ∈ BΔK if and only if

μK(Mλ) < 1

where

Mλ = M11 +M12(λI −M22)
−1M21.

Proof: Under the condition that λ /∈ σM22
, det(λI −M22) �= 0.

For a well-posed LFT, det(I −M11Δ) �= 0 for all Δ ∈ BΔK. Under
these two conditions, the following equivalences hold for any Δ ∈
BΔK:

det(I −MλΔ) �= 0

⇔ det

([
I −M11Δ M12

M21Δ λI −M22

])
�= 0

⇔ det
(
λI −M22 −M21Δ(I −M11Δ)−1M12

)
�= 0

⇔ det (λI − Fu(M,Δ)) �= 0. (4)

By the definition of μ, μK(Mλ) < 1 holds if and only if

det (I −MλΔ) �= 0 (5)

for all Δ ∈ BΔK. Equation (5) is equivalent to

det (λI − Fu(M,Δ)) �= 0. (6)

From the above equivalences, (4), condition (6) holds if and only if λ
is not an eigenvalue of Fu(M,Δ). �

The next theorem finds a disk that contains all the eigenvalues of an
uncertain matrix.

Theorem 2: The maximum of the largest eigenvalue modulus
of a well-posed uncertain square matrix, Fu(M,Δ) ∈ C

m×m,Δ ∈
BΔK, is

|λ|max := max
Δ∈BΔK

max
i=1,...,m

{|λi (Fu(M,Δ))|} = νK,K2
(M) (7)

where K2(mr,mc) = (∅,m).
Proof: From well-posedness, det(I −M11Δ) �= 0 for all Δ ∈

BΔK. Then for any scalars k ≥ 0 and δc ∈ C, the following equiva-
lences hold:

det

(
I −M

[
Δ 0
0 kδcI

])
= 0

⇔ det

([
I −M11Δ −kδcM12

−M21Δ I − kδcM22

])
= 0

⇔ det(I −M11Δ)

× det
(
I − kδc

(
M22 +M21Δ(I −M11Δ)−1M12

))
= 0

⇔ det(I −M11Δ)det (I − kδcFu(M,Δ)) = 0. (8)

Clearly, kδc = 0 does not satisfy (8). Hence, kδc �= 0, and (with
det(I −M11Δ) �= 0), (8) holds if and only if

det
(

1

kδc
I − Fu(M,Δ)

)
= 0 (9)

and 1/(kδc) is an eigenvalue of Fu(M,Δ). The minimum k that
achieves (9) subject to |δc| ≤ 1 must occur with δc = δc

′
such that

|δc′ | = 1, because |δc′ | < 1 implies that there exists a smaller k for
the same value of kδc. Hence, |1/(kδc′)| = 1/k is the absolute value
of an eigenvalue of Fu(M,Δ). By definition, ν is the inverse of the
minimum k that achieves (9), which corresponds to the maximum
eigenvalue modulus of Fu(M,Δ) over Δ ∈ BΔK. �

Theorem 2 naturally leads to a corollary.
Corollary 1 (from Theorem 2): The minimum of the smallest eigen-

value modulus of a well-posed uncertain square matrix Fu(M,Δ) ∈
C

m×m,Δ ∈ BΔK

|λ|min := min
Δ∈BΔK

min
i=1,...,m

{|λi (Fu(M,Δ)) |}

is 0 if M22 is singular and

|λ|min = 1/νK,K2
(Minv)

otherwise, where K2(mr,mc) = (∅,m) and

Minv =

[
M11 −M12M

−1
22 M21 −M12M

−1
22

M−1
22 M21 M−1

22

]
. (10)

Proof: If M22 is singular, it is clear that |λ|min = 0 (i.e., set
Δ = 0). If M22 is not singular, then use the fact that if a nonsingular
matrix M has an eigenvalue λi, then 1/λi is an eigenvalue of M−1.
The corollary follows by considering F−1

u (M,Δ) = Fu(Minv,Δ)
and applying Theorem 2. �

Proposition 1 (for Theorem 3, from Theorem 2): For any M ∈ C

and well-posed uncertain square matrix Fu(M,Δ) ∈ C
m×m, Δ ∈

BΔK, the maximum of its maximum singular value is

max
Δ∈BΔK

σ̄ (Fu(M,Δ)) =
√

νKaug,K2
(Maug)

where Maug and the structure Kaug for Δaug satisfies

Fu(Maug,Δaug) = F ∗
u (M,Δ)Fu(M,Δ) (11)

and K2(mr,mc) = (2m,∅) or (∅, 2m).
Proof: The largest singular value of a matrix G is the square root

of the largest eigenvalue of the positive-semidefinite matrix G∗G, and
is a non-negative real number. The result follows from Theorem 2.
Maug can be obtained using a multiplication formula for LFTs and
is non-unique [11]. Note the change in K2(mr,mc), which occurs
because the size of the LFT in (11) has been changed. Although the
optimal second uncertainty block will be real because the eigenvalues
of (11) are real, K2(mr,mc) = (∅, 2m) can be chosen to make the ν
computation easier. �

The next two theorems relate an eigenvalue of the uncertain matrix
Fu(M,Δ) to an eigenvalue of the nominal matrix M22.

Theorem 3: For a well-posed uncertain square matrix Fu(M,Δ) ∈
C

m×m,Δ ∈ BΔK, suppose that M22 is diagonalizable with M22 =
SΛ22S

−1, where Λ = diag[λ1, · · · , λm]. Then, for any eigenvalue λ

ΔK :=
{
Δ = diag

[
δr1Ik1

, · · · , δrmr
Ikmr

, δc1Ikmr+1
, · · · , δcmc

Ikmr+mc

]
: δri ∈ R, δci ∈ C

}
(1)

BΔK :=
{
Δ = diag

[
δr1Ik1

, · · · , δrmr
Ikmr

, δc1Ikmr+1
, · · · , δcmc

Ikmr+mc

]
: δri ∈ R, δci ∈ C

}
, σ̄(Δ) ≤ 1} (2)

kBΔK :=
{
Δ = diag

[
δr1Ik1

, · · · , δrmr
Ikmr

, δc1Ikmr+1
, · · · , δcmc

Ikmr+mc

]
: δri ∈ R, δci ∈ C

}
, σ̄(Δ) ≤ k} (3)
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of Fu(M,Δ) for any Δ ∈ BΔK, there is some eigenvalue λi ∈ σM22

such that

|λi − λ| ≤ κ(S)
√

νK0,aug,K2
(M0,aug) (12)

where κ(S) is the condition number of S, and M0,aug and the structure
K0,aug for Δ0,aug satisfy

Fu(M0,aug,Δ0,aug)

= F ∗
u

([
M11 M12

M21 0

]
,Δ

)
Fu

([
M11 M12

M21 0

]
,Δ

)
and K2(mr,mc) = (2m,∅) or (∅, 2m).

Proof: If λ′ is an eigenvalue of Fu(M,Δ′) for some Δ′ ∈
BΔK, then

det(λ′I − Λ22 − S−1δM ′S) = 0

where

δM ′ = M21Δ
′ (I −M11Δ

′)
−1

M12.

If det(λ′I − Λ22) = 0, then λ′ is an eigenvalue of Λ22 (and M22),
and (12) is satisfied. If not, from

(λ′I − Λ22)
−1(λ′I − Λ22 − S−1δM ′S)

= I − (λ′I − Λ22)
−1S−1δM ′S

det(I − (λ′I − Λ22)
−1S−1δM ′S) = 0, which implies that

‖(λ′I − Λ22)
−1S−1δM ′S‖2 ≥ 1.

Hence

1 ≤‖(λ′I − Λ22)
−1‖2‖S−1δM ′S‖2

≤ max
i=1,...,m

|λ′ − λi|−1‖S−1‖2‖δM ′‖2‖S‖2

=
1

mini=1,...,m |λ′ − λi|
κ(S)σ̄(δM ′).

Therefore

min
i=1,...,m

|λ′ − λi| ≤ κ(S)σ̄(δM ′).

Considering all possible eigenvalues with Δ ∈ BΔK, take the maxi-
mum of the both sides of the inequality over the set BΔK

max
Δ∈BΔK

min
i=1,...,m

|λ− λi| ≤ κ(S) max
Δ∈BΔK

σ̄(δM)

where λ is an eigenvalue of Fu(M,Δ) for some Δ ∈ BΔK, and

δM = M21Δ(I −M11Δ)−1M12 (13)

for some Δ ∈ BΔK. From Prop. 1,

max
Δ∈BΔK

σ̄(δM) = max
Δ∈BΔK

σ̄
(
M21Δ(I −M11Δ)−1M12

)
=
√

νK0,aug,K2
(M0,aug). (14)

Hence, (12) is obtained. �
Theorem 4: For an uncertain square matrix

Fu(M,Δ) ∈ C
m×m,Δ ∈ BΔK

suppose that ‖δM‖2 = O(ε) for δM defined as in (13). Let the right
and left eigenvectors of M22 be x and y with corresponding simple
eigenvalue λ, i.e.,

M22x = λx, y∗M22 = λy∗.

Furthermore, let λ’s individual condition number be

cond(λ) :=
‖y‖2‖x‖2
|y∗x| .

Then the perturbed eigenvalue λ′ of Fu(M,Δ) satisfies

|λ− λ′| ≤ cond(λ)
√

νK0,aug,K2
(M0,aug) +O(ε2) (15)

with K0,aug , K2, and M0,aug defined in Theorem 3.
Proof: This proof is obtained by Stewart’s Theorem [14]. For the

perturbed eigenvector x+ δx and the eigenvalue λ′ = λ+ δλ:

(M22 + δM)(x+ δx) = (λ+ δλ)(x+ δx)

⇔ δλ(x+ δx) = δM(x+ δx) + (M22 − λI)δx

⇒ δλy∗(x+ δx) = y∗δM(x+ δx) + y∗(M22 − λI)δx

⇔ δλy∗(x+ δx) = y∗δM(x+ δx)

⇒ δλy∗x = y∗δMx+O(ε2)

⇒ |λ− λ′| = |δλ| =
∣∣∣∣y∗δMx

y∗x

∣∣∣∣+O(ε2)

≤ ‖y‖2‖x‖2
|y∗x| σ̄(δM) +O(ε2).

Hence, using Prop. 1 as in (14) gives the result. �

IV. APPLICATIONS TO BIFURCATION ANALYSIS

Bifurcations appear in a wide range of systems in biology [15]–
[17], fluid flow [18], [19], and quantum mechanics [20], [21], as well
as in engineering applications in power systems [22], acoustics [23],
chemical processes [24], and aircraft dynamics [25]. In engineering
design, it is often important to avoid bifurcations because of their
intimate connection to the system’s stability properties and behavior.
For example, bifurcations can result in voltage collapse in an electric
power system [22] or loss of performance of a control system.

A continuous-time nonlinear dynamic system with parametric un-
certainties can be described as

ẋ = f(x, p) (16)

where x ∈ R
m is a state vector and p ∈ R

mr is an uncertain parameter
in P defined by

P = {p : p = pc +Wδp ∈ R
mr , ‖δp‖∞ ≤ 1}

with the known nominal parameter vector pc and the known normaliz-
ing matrix W , and the vector-valued function f : Rn × R

mr → R
n is

sufficiently differentiable with respect to x and p.
Definition 3: Any solution to 0 = f(x, p) is called a steady-state

parameter pair (xss, pss), and its element xss is called a fixed point.
Proposition 2 ([26]): Let

J(xss, pss) =
∂f

∂x

∣∣∣∣
x=xss, p=pss

∈ R
m×m

denote the Jacobian of (16) evaluated at the steady-state parameter
(xss, pss). A necessary condition for the system (16) to have a local
bifurcation at (xss, pss) is that J(xss, pss) has at least one eigenvalue
with zero real part.

If a bifurcation occurs when the Jacobian has an eigenvalue crossing
the origin, it is called a steady-state bifurcation, and if a bifurcation oc-
curs when the Jacobian has a pair of complex eigenvalues that becomes
a purely imaginary pair ±jω, then it is called a Hopf bifurcation.

The rest of this section considers rational vector-valued functions
f (i.e., both numerator and denominator of each element of the
vector f are polynomial functions of p) and the case where the fixed
point xss(p) is a rational function of p, so that J(xss, pss) can be
expressed as an LFT. A reformulation of the system equations or an
approximation is required if f is not rational, and [1] discusses the
handling of nonrational xss(p).

Consider a fixed point xss that is not a bifurcation point for the
nominal parameter pc, giving a Jacobian J(xss, pss) expressed by
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an LFT

J(xss, pss) = M22 +M21Δ(I −ΔM11)
−1M12 = Fu(M,Δ)

where

Δ = diag
[
δp1Ik1

, δp2Ik2
, · · · , δpmrIkmr

]
∈ BΔK

M22 =
∂f

∂x

∣∣∣∣
x=xss,p=pc

and M11, M12, and M21 are minimal and found using block-diagram
algebra, toolboxes [27], [28], and/or order reduction algorithms such
as [29], [30]. Under the condition that xss is not a bifurcation point for
pc, M22 is a nonsingular square matrix.

Corollary 2 (from Theorem 1): The system (16) does not have a
steady-state bifurcation at x = xss if

μK(M0) < 1 (17)

where

M0 = M11 −M12M
−1
22 M21. (18)

Corollary 3 (from Theorem 1): Condition (17) can be written as

μK′(Mssb,0) < 1

where

Mssb,0 = Mssb,11 −Mssb,12M
−1
ssb,22Mssb,12

for

detJ(xss, pss) = detFu(M,Δ) = Fu(Mssb,Δssb)

and K′ specifies the structure of Δsbb.
Remark 1: The complexity of constructing Mssb and Δssb and

constructing M and Δ depends on the system. Which of Corollary
2 and 3 is more convenient to use is assessed on a case-by-case basis.

The existence of pure imaginary eigenvalues needs to be checked
for a Hopf bifurcation.

Theorem 5 (Application of Theorem 2): There exists no Δ ∈ BΔK
for which an uncertain square matrix,

Fu(M,Δ) ∈ C
m×m

has nonzero pure imaginary eigenvalues if and only if

νK,K2
(Mimg) = 0

where K2(mr,mc) = (m,∅) and

Mimg =

[
M11 M12

jM21 jM22

]
. (19)

Proof: By restricting the second uncertainty block to be real and
by replacing M21 and M22 by jM21 and jM22, Theorem 2 gives the
maximum modulus of pure imaginary eigenvalues of Fu(M,Δ). If
the maximum modulus of pure imaginary eigenvalues is zero, then
no nonzero pure imaginary eigenvalue exists. Note that Mimg =[
M11 jM12

M21 jM22

]
can be used instead of (19). �

Corollary 4 (from Theorem 5): The system (16) does not have a
Hopf bifurcation at x = xss if

νK,K2
(Mimg) = 0

where Mimg is defined by (19).
Corollary 5: For a two-dimensional system (i.e.,m=2), Corollary 4

can be written as

μK(M0) < 1 and μK′(Mtr,0) < 1

where

Mtr,0 = Mtr,11 −Mtr,12M
−1
tr,22Mtr,12

for

trJ(xss, pss) = trFu(M,Δ) = Fu(Mtr,Δtr)

and K′ specifies the structure of Δtr . Mtr and Δtr are non-unique.
One possible choice is

Mtr,11 =M11 ⊗ I,Mtr,12 = vec(MT
12)

Mtr,21 = vec(M21)
T ,Mtr,22 = tr(M22)

Δtr =Δ⊗ I.

Proof: The condition that Fu(M,Δ) has a conjugate pair of
pure imaginary eigenvalues is equivalent to having tr(Fu(M,Δ)) =
0. Therefore, tr(Fu(M,Δ)) �= 0 for all Δ ∈ BΔK if and only if
μK(Mtr,0) < 1. tr(Fu(M,Δ)) = 0 includes the cases of two zero
eigenvalues; to exclude such cases, add a condition μK(M0) < 1 that
guarantees that the system does not have a steady-state bifurcation. �

Corollary 6 (from Corollaries 2 and 4): The number of stable and
unstable eigenvalues of Fu(M,Δ) changes over Δ ∈ BΔK if and
only if μK(M0) > 1 or νK,K2

(Mimg) �= 0.
Remark 2 (Discrete-Time System): For a discrete-time system, the

interesting question is whether Fu(M,Δ) has an eigenvalue λ = ±1,
or whether |λ| = 1, but λ �= ±1. Whether Fu(M,Δ) has an eigen-
value λ = ±1 can be checked using Theorem 1. The matrix Fu(M,Δ)
has an eigenvalue |λ| = 1 if and only if F ∗

u (M,Δ)Fu(M,Δ) has an
eigenvalue of 1.

V. APPLICATIONS TO CONVERGENCE ANALYSIS

The convergence rate and eigenvalues of a matrix are inti-
mately related. This section derives theorems that are applications of
Theorem 2. The first theorem concerns the rightmost eigenvalue for a
stable matrix.

Theorem 6: Consider a well-posed uncertain square matrix

Fu(M,Δ) ∈ C
m×m,Δ ∈ BΔK

with K(mr,mc) = (k1, · · · , kmr ,∅). If all the eigenvalues of M22

are in the left-half plane, and furthermore,

μK(M0) < 1 and νK,K2
(Mimg) = 0 (20)

where M0 is defined in (18) and Mimg is defined in (19), then
the real parts of the eigenvalues of Fu(M,Δ) are to the left of
−1/νKaug,K′

2
(Ninv) for all Δ ∈ BΔK, where Kaug(mr + 1,mc) =

(k1, · · · , kmr ,m,∅) (pure real structure), K′
2(mr,mc) = (m,∅),

and Ninv is defined in a similar manner as in (10) for

N =

⎡
⎣M11 0 M12

0 0 j|λ|maxI

M21 I M22

⎤
⎦

Δaug =

[
Δ 0
0 δrIm

]
∈ BΔKaug .

Proof: Recall that μK(M0) < 1 implies that Fu(M,Δ) does
not have a zero eigenvalue (Theorem 1), and recall also that
νK,K2

(Mimg) = 0 implies that Fu(M,Δ) does not have a nonzero
pure imaginary eigenvalue (Theorem 5). Therefore, the conditions that
all the eigenvalues of M22 are in the left-half plane and (20) imply that
all the eigenvalues of Fu(M,Δ) remain in the left-half plane. Hence,
it suffices to find the minimum absolute value of the real part of the
eigenvalues.
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For any eigenvalue σ + jω, with σ, ω ∈ R, of Fu(M,Δ):

det ((σ + jω)I − Fu(M,Δ)) = 0. (21)

Noting that |ω| ≤ |λ|max from (7), ω = |λ|maxδ
r with |δr| ≤ 1. Equa-

tion (21) is equivalent to

det (σI − Fu(N,Δaug)) = 0

where

N =

⎡
⎣M11 0 M12

0 0 j|λ|maxI

M21 I M22

⎤
⎦

Δaug =

[
Δ 0
0 δrIm

]
∈ BΔKaug

.

Using the result from Corollary 1, |σ| ≥ 1/νKaug,K′
2
(Ninv). Because

all the eigenvalues of Fu(M,Δ) remain in the left-half plane, this
inequality implies that σ ≤ −1/νKaug,K′

2
(Ninv). �

A similar result holds for an uncertain matrix Fu(M,Δ) having
K(mr,mc) with mc �= ∅, with reordering of terms in N and Δaug .

The next theorem gives a condition on the second largest eigenvalue
modulus for an uncertain Markov matrix, which is useful for bounding
the convergence rate of a Markov process.

Theorem 7: Suppose that

Fu(M,Δ) ∈ R
m×m, Δ ∈ BΔK

is a Markov matrix with all positive entries for all Δ ∈ BΔK. The
maximum of the second largest eigenvalue modulus of Fu(M,Δ) over
Δ ∈ BΔK is

max
Δ∈BΔK

max {|λ2|, · · · , |λm|} = νK,K2
(Msecond)

where K2(mr,mc) = (∅,m) and λi, i = 1, · · · ,m are eigenvalues
of Fu(M,Δ) for a fixed Δ and ordered such that 1 = λ1 ≥ |λ2| ≥
· · · ≥ |λm| (recall that the modulus of every eigenvalue of a Markov
matrix is less than or equal to one) and

Msecond =

[
M11 M12

M21 M22(I − 11T )

]
.

Proof: The largest (left) eigenvalue modulus of a Markov matrix
is the one with λ1 = 1 and its corresponding (left) eigenvector 1T ,
which holds for each Δ ∈ BΔK. Now apply this (left) eigenvalue
and the (left) eigenvector with the largest modulus together with
the known fact that the second largest eigenvalue modulus of ma-
trix G is the largest eigenvalue modulus of G− λxxT , where λ is
the largest eigenvalue of G and x is the corresponding eigenvector
(deflation) [31]. �

VI. NUMERICAL EXAMPLE

A. Bifurcation of a Predator-Prey Model

Consider the predator-prey model [26], [32],

ẋ1 =αx1(1− x1)−
p1x1x2

p2 + x1

ẋ2 =− p3x2 +
p1x1x2

p2 + x1

(22)

where x1 and x2 are scaled population numbers, and α = 0.1 and p =
[p1 p2 p3]

T are parameters that characterize the behavior of the system.

Fig. 1. Steady-state (blue) and Hopf bifurcation boundary surfaces (red) in the
parameter space p1, p2, and p3 with α = 1. The green region is guaranteed to
have no steady-state bifurcations, and the orange region is guaranteed to have
no Hopf bifurcations around pc (red cross).

Suppose that the parameter vector p ∈ P is uncertain, where

P =
{
p = [p1 p2 p3]

T : p = pc +Wδp, ‖δp‖∞ ≤ 1
}

pc = [p1,c p2,c p3,c]
T = [9 2 2]T

W =diag[w1, w2, w3], wi ∈ R, i = 1, . . . , 3.

The system (22) has a nontrivial fixed point at

x1,ss =
p2p3

p1 − p3
, x2,ss =

αp2
p1 − p3

(
1− p2p3

p1 − p3

)
(23)

and the Jacobian is

J =

[
(1− 2x1)α− p1x2

p2+x1
+ p1x1x2

(p2+x1)2
− p1x1

p2+x1
p1x2
p2+x1

− p1x1x2
(p2+x1)2

p1x1
p2+x1

− p3

]
.

At the fixed point (23), the Jacobian is

Jss =

[
αp3
p1

(
1− p2

p1+p3
p1−p3

)
−p3

α
p1
(p1 − p3 − p2p3) 0

]

det(Jss) =
αp3
p1

(p1 − p3 − p2p3)

tr(Jss) =
αp3
p1

(
1− p2

p1 + p3
p1 − p3

)

which can be easily expressed as LFTs.
Fig. 1 shows the analytically computed bifurcation boundary sur-

faces and the guaranteed box region of no steady-state and Hopf
bifurcations for the uncertain system by applying Corollary 3 and 5
together with bisection to find the size of the uncertainty box that
touches the analytical surface (computations used the MATLAB com-
mand mussv). The parametric uncertainty is assumed to be equal for
each parameter, i.e., W = kI for some k. For steady-state bifurcations,
Corollary 3 gives that k = 0.46, and for Hopf bifurcations, Corollary 5
gives that k = 1.15, both of which results agree with the analytically
computed values.

B. Locations of Eigenvalues for an Uncertain Matrix

A mass-spring damper system has the state matrix [11][
0 1

−k/m −c/m

]
(24)

where m, c, and k represent mass, damper value, and spring stiffness
respectively. Suppose that m, c, and k are uncertain, with m being
within 10% of a nominal value mc = 1, c within 20% of a nominal
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Fig. 2. Blue dots are randomly generated possible eigenvalue locations, the
vertical red lines are bounds for the rightmost eigenvalue, and the orange curves
are bounds for the maximum eigenvalue modulus. Solid lines represent the ν
upper bounds and dashed-dotted lines the ν lower bounds.

value cc = 0.5, and k within 30% of a nominal value kc = 0.5. The
state matrix (24) can be written as Fu(M,Δ) with

M =

⎡
⎢⎢⎢⎣

0 0 0 0.3kc 0
0 0 0 0 0.2cc
−1 −1 −0.1 −kc −cc

0 0 0 0 1
−1/mc −1/mc −0.1/mc −kc/mc −cc/mc

⎤
⎥⎥⎥⎦

Δ =

[
δk 0 0
0 δc 0
0 0 δm

]

with δi ∈ [−1, 1] for i ∈ {k, c,m}.
Using the polynomial-time upper and lower bounds on ν, appli-

cation of Theorem 2 gives that the maximum eigenvalue modulus is
between 0.85 and 0.92 (computed using the MATLAB SMAC toolbox
[33]), and application of Theorem 6 gives that the eigenvalue with
the smallest real part is between −0.18 and −0.06 (computed using
MATLAB command mussv along with bisection due to the limitation
on the number of uncertainties for the free version of SMAC). These
results agree with Fig. 2, which illustrates the possible eigenvalue
locations for randomly selected parameters in the set. The ν lower
bounds for both the maximum eigenvalue modulus and the eigenvalue
with the smallest real part essentially touch the cloud of eigenvalues.

VII. CONCLUSION

This note derives several properties on the eigenvalues of uncer-
tain matrices using the structured singular value μ and the skewed
structured singular value ν. Numerical examples illustrate possible
applications of the theoretical results.
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