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treatments. Models are also used in synthetic biology for the design of circuits that perform special-
ized tasks. Prediction, analysis and design require plausible and reliable models, that is, models must
reflect the properties of interest of the considered biochemical networks. One remarkable property of
biochemical networks is robust functioning over a wide range of perturbations and environmental condi-
tions. The intrinsic robustness of a network should be reflected into its associated mathematical model.
The description and analysis of robustness in biochemical reaction networks are challenging, however,
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Estimation because accounting explicitly for the various types of structural, parametric and data uncertainty in the
Robustness description of the models is not straightforward. Furthermore, system properties are typically inherently
Systems and control theory uncertain and often only given by qualitative or verbal descriptions that impede a straightforward and

comprehensive mathematical analysis. In the first part of this overview article, network functions and
behaviors of interest are formally defined, and different classes of uncertainties and perturbations are
consistently described. The second part reviews frequently used mathematical formulations and presents
the authors’ recent developments for robustness analysis, estimation, and model-based prediction. One
biochemical network model is used to illustrate the capabilities of various methods to deal with the
different types of uncertainties and robustness requirements.

© 2016 Elsevier Ltd. All rights reserved.
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1. Introduction

Biochemical reaction networks form the structural basis of
most cellular processes such as metabolism, signal transduction,
and gene expression. In these networks, many species dynam-
ically interact and are transformed by biochemical reactions to
perform and maintain biological functions. Intertwined and pos-
sibly redundant feedback and feedforward mechanisms give rise
to complex dynamical behaviors while their lack or improper
functioning can result in dysfunctions or diseases. To minimize
such risks, biological networks must perform their tasks reliably
under various changes of the cellular environment and condi-
tions [19,58,74,80]. This property is generally called robustness and
refers to the persistence of a behavior or the insensitivity of function
characteristics in the presence of (external or internal) perturba-
tions [130]. Typical examples of biological behaviors that are robust
to environmental changes are oscillations or multistability in the
cell cycle, in apoptosis, or in adaptation [121,2]. The readers are

referred to [1] for other examples and mechanisms of cellular
regulation.

Robust functioning is of particular interest in synthetic biology
or metabolic engineering. One core task in synthetic biology is the
design of motifs or building blocks that perform a function robustly
when connected into larger networks and under various pertur-
bations of the cellular environment [99]. Function characteristics
of interest include certain types of dynamic behavior such as the
time derivation of inputs as required for adaptation to constant
stimuli, logical combinations of different inputs, oscillatory behav-
ior or multistability [113]. Note that these behaviors are described
in a verbal and qualitative manner.

Besides the robustness of qualitative behaviors or function charac-
teristics, quantitative predictions of system responses have become
increasingly important, especially in therapy design and synthetic
biology [145]. Often mathematical models are developed and
employed to analyze and quantitatively predict, estimate, and con-
trol the response of the considered systems with respect to applied
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inputs or environmental changes [73]. The main challenges are not
only to consider the various external perturbations of these sys-
tems, but also to take into account the various uncertainties that
arise in the models [113]. The uncertainty in models of biological
networks can arise due to uncertain data and parameters, incom-
plete knowledge of the reaction kinetics, neglected intermediate
reaction steps, and unmodeled transport phenomena such as dif-
fusion and delays.

This article provides an overview on the modeling of biochem-
ical reaction networks with a focus on describing and analyzing
robustness, taking qualitative as well as quantitative aspects into
account. More precisely, robustness analysis requires a formal
specification and definition of the analyzed behavior or function
characteristics, and of the uncertainties with respect to which
robustness is to be analyzed. Robustness can then be analyzed
and quantified by determining the allowable uncertainties for
which the desired system behaviors or function characteristics
are still observed. Because descriptions of biological functions are
inherently uncertain, robustness analysis is inevitably linked to
uncertainty analysis. To this end, two key challenges are outlined:

1 specification of the different types of uncertainties encountered
in the description of system behaviors, functions, and in the data
and models;

2 methods for analyzing and quantifying robustness under consid-
eration of uncertainties using prediction and estimation.

While the first challenge is mainly of a conceptual nature, the sec-
ond is still an open field of research concerning the development
of computationally efficient methods for analysis and predictions.

1.1. Challenge 1: Specification of uncertainties and system
behaviors

Mathematical models of robust biological systems should
exhibit appropriate levels of robustness when analyzed [59,58,80].
For robustness analysis and prediction of system responses to per-
turbations and uncertainties, two crucial ingredients are required:
first, a clear description of external or internal perturbations under
which the biological system (represented by the model) should
function robustly; second, a clear formulation of the behavior or
function characteristics that are to be analyzed for its robustness.
However, considering only (external or internal) perturbations is
far too limited for the analysis of biological models because the
models itself are inherently uncertain. The model uncertainty is
due to the fact that experimental data are sparse, limited and
incomplete, since measurement techniques are mostly indirect and
have very low accuracy [101,113,131]. These factors result in large
uncertainties of the absolute quantities of the measured physical or
chemical entities or species. In addition, due to low sampling times
and missing normalization standards for absolute quantification,
the data are usually neither quantitative nor time-resolved. Often,
the data available for model construction are supplemented by
qualitative information such as conditional or temporal statements
or if-then observations [24,103,107].

For the analysis of robustness and for prediction and estimation,
different type of uncertainties must be modeled and considered:

1 external perturbations;

2 uncertainties and qualitative formulation of the investigated model
behaviors or function characteristics;

3 uncertain measurement data;

4 structural uncertainties due to incomplete knowledge of the reac-
tion kinetics or intermediate reaction steps;

5 parametric uncertainties due to unknown reaction rate constants.

As stated in [50], if a given model proves to be fragile against
biologically probable perturbations, then it is important to estab-
lish whether the lack of robustness is a property of the cellular
function itself or is caused by an uncertain or incomplete model.
In either case, more detailed analysis is required to gain insight
into the source of the lacking robustness. For synthetic networks
or therapeutic treatments, a redesign should be taken into account
if model-based predictions do not guarantee robust performance.
Methods must be chosen for robustness analysis, robust prediction,
and estimation that can account for the encountered and largely dif-
ferent types of uncertainties. Currently no suitable tools exist that
can handle all of the described uncertainties simultaneously.

1.2. Challenge 2: Robustness analysis, estimation, and prediction
methods

Methods for the analysis of robustness and robust prediction
for biochemical reaction networks should allow nonlinearities to
be taken into account. The methods should be able to handle dif-
ferent types of uncertainties and to make robust statements on
network performance, qualitative behavior, and the influence of
uncertainties (see Fig. 1). In particular, the interest is in making
dynamical predictions of system outputs under uncertainties and
perturbations (left to right in Fig. 1). To quantify robustness of func-
tion characteristics, parameter estimation can be used (right to left
in Fig. 1) where the volume of the consistent and robust parameter
set could serve as a measure of robustness [21].

Robustness analysis, robust estimation, and prediction are clas-
sical topics in control engineering, for example, see [147]. Most
existing methods were developed for linear systems, whereas real-
istic biochemical networks are nonlinear. Methods that can handle
nonlinear systems are often limited or assume that the steady-
state is not affected by uncertainties or perturbations. In contrast
to most technical systems where the robustness of stability is
the main objective, the robustness of instability is also important
in biological systems, because instability is related to biological
behaviors such as oscillations or multistability [6,136]. The direct
application of classical systems and control methods is therefore
limited. In addition, the different types of uncertainties encoun-
tered in biological and medicinal research differ compared with
technical systems. For example, in human-made technical systems,
sensors can often be placed as desired or uncertainties can often
be avoided by a suitable design. In contrast, it is believed that
biological systems evolved to withstand environmental changes
by selection and evolution, not by aiming to cancel the effects
of uncertainties itself, but rather by aiming to achieve maximum
performance or survival. Due to the limitations of most control the-
ories developed for technical systems, this article describes several
recent approaches that are tailored to the needs of biochemical
networks.

In the qualitative or coarse-grained approach, uncertainties are
considered implicitly by constructing qualitative models without
attempting to describe all molecular details, often even neglect-
ing dynamics. Qualitative modeling (such as interaction graphs or
Boolean networks) has become an important framework for ana-
lyzing signaling networks (for a review, see, for example, [107]).
These approaches are applicable to analyze large scale networks in
aqualitative setting [ 114]. However, the models usually fail to make
quantitative dynamical predictions, which may restrict their appli-
cability, such as for the development of therapeutic treatments.

Generally speaking, an exclusive qualitative or static descrip-
tion of biological networks will not be sufficient to fully understand
how qualitative and quantitative dynamical behaviors arise, or
to design suitable intervention strategies to combat diseases.
Dynamic and quantitative models may be needed, but making
definite predictions on the behavior of such models is difficult
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Fig. 1. Robustness analysis and quantification are closely related to the prediction of uncertainty propagation and estimation. Prediction can be used to analyze the influence
of uncertainties and perturbations on the model outputs/response. Estimation can be used to determine, for example, parametric uncertainties (gray-shaded areas in the
figure on the left) such that certain qualitative or quantitative specifications of system behaviors or properties are satisfied (light blue-shaded areas on the right). Robustness
of system behavior can be either quantified with respect to some nominal parameters pss and the distance §p; from the surface where the specifications are no longer satisfied,
or the volume of the consistent parameter set or some approximation of the set such as the dashed box. To simplify the presentation, only the set-based description is shown
in the figure. The ideas are transferable to probabilistic uncertainties and predictions. For such cases, constraint violation is formulated in terms of probabilities.

due to uncertain model components, such as unknown or impre-
cisely known parameters or kinetic rate expressions, and due to
the uncertainties in the experimental data. Most methods for the
analysis of uncertain models rely on extensive sampling via Monte
Carlo methods. Due to a finite sample size and the complexities
and nonlinearities of the models, at best probabilistic statements
can be made about system properties, parameter values, or model
invalidity using sampling-based methods.

1.3. Outline of this article

In the last decade, several approaches have been developed that
can handle or overcome some of the aforementioned challenges.
Section 2 reviews modeling of biochemical reaction networks by
ordinary differential or difference equations. This article does not
review qualitative or structural modeling frameworks or meth-
ods allowing for qualitative predictions using these models; for
reviews of such methods, see [107,140,10,24,114]. This article does
not cover Monte Carlo simulation or related analysis methods. Such
methods are, for example, reviewed in [108].

Section 3 describes methods for describing and capturing uncer-
tainties in the models as well as in the descriptions of investigated
system behaviors (mainly probabilistic and set-based descriptions).
Because the presented methods have individual and different
advantages and limitations, and no method can deal with all uncer-
tainty types, the different types are carefully classified. We discuss
the selection of suitable methods and the associated types of
statements that can be made for robustness analysis and model
verification.

Section4 reviews classical approaches for uncertainty analysis
and extensions thereof. These methods are often restricted to local
or structural analysis, but can still give valuable insights into the
system. However, these methods are not well-suited for quanti-
tative predictions and analysis in the case of large uncertainties.
Section 5 reviews set-based approaches that can efficiently deal
with set-based uncertainty descriptions. Well-known and compu-
tationally efficient approaches such as interval analysis fall within
this class. Interval analysis methods can produce results that are
too conservative, and less restrictive methods are also outlined in
Section 5.

While set-based approaches allow robust and guaranteed state-
ments, the results can be conservative. This conservatism can be
reduced by employing approaches that provide statements in terms
of probabilities and probability distributions with the premises
that definite and guaranteed statements are only possible asymp-
totically. Several existing probabilistic methods are reviewed in
Section 6.

Section 7 discusses various problems that have not yet been
solved in the current literature and provides an outlook for future
research.

A simple example of a reversible enzymatic transformation is
used throughout the manuscript to illustrate the different meth-
ods and to highlight their advantages and disadvantages. The small
reaction network was taken from [35,125] and is often found
embedded in (larger) reaction networks.

2. Biochemical network models

This article considers a wide class of biological systems, includ-
ing metabolic, signal transduction, and gene regulation networks.
Most of these processes can be formally modeled as biochemical
reaction networks. Although many biological processes are of an
inherently stochastic and discrete nature, such as the binding of
a ligand to a cellular membrane, the approximation of these pro-
cesses by deterministic continuous-time models is often acceptable
and often the preferred choice for modeling and analysis.

Biochemical networks have two main elements, namely, species
and reactions. The biochemical species

X1,X2, .. 0s Xny

represent ensembles of chemically identical molecules in a specific
cell compartment. These species are interconverted by chemical
reactions of the general form

SO+ 4+ 5 X — X S + e+ 5P X

1j 2, nx 1,j 2,j nx,j
(1)
wherej € {1, 2, ..., n,} is the reaction index, and the non-negative
integers s, s are the stoichiometric coefficients of the substrate

i,j’ i)
and product species, respectively.
The structural information of the reaction network is usually
collected in the stoichiometricS € R™>™ matrix with entries given
by

LaNx, j=1,00,m. (2)

For simplicity of presentation, the system’s state vector x(t) € R™
comprises the species’ concentrations' [X;] and is denoted by

X::([X1]s [X2]7 LR} [)<I‘l)<])—r e R™, (3)

The reaction kinetics are given by rate functions, which depend
on the state x, time-invariant parametersp € R™,and time-varying

! Concentrations are always greater than or equal to zero.
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signals w(t) € R™. In the context of biochemical networks, w(t)
can represent internal and/or external perturbations, changes of
the cellular environment or stimuli, or control inputs such as tem-
perature or added nutrients or substrates in fed-batch processes.

The transformation of the species is described by a vector of
reaction rates that is given by

v(x, p, W):=(v1(X, p, W), ..., Un, (X, p, W))| € R™. (4)

Typically, reaction rates are polynomial or rational expressions
arising from the law of mass action or the Michaelis-Menten mech-
anism [1]. Some of the analysis frameworks are restricted to certain
types of equations such as polynomial equations. In principle
and under rather mild assumptions, other nonlinear expressions
including quasi-polynomial kinetics and non-algebraic functions
can be converted into polynomial form using state immersion
(see references cited by [37,91,95]) or by functional approximation
techniques such as Taylor series (see references cited by [68]).

The model outputs include measured variables and are also
used to quantitatively describe the uncertain/robust behavior, or to
qualitatively characterize robustness. Consider outputs of the form
y(t) = h(x, p, w) € R™ that are nonlinear functions of the states,
parameters, and inputs. With this notation, the biochemical reac-
tion network is concisely written as

% =Sv(x,p, w) = f(x, p, w), (5a)
¥ =h(x, p,w), (5b)

where x refers to the ordinary derivative with respect to time and
f(-)is introduced to simplify notation and is nonlinear in general.

Example (Model definition). In this work, a classical example for
a biochemical network is used to illustrate and compare the dif-
ferent presented methods, namely the so called reversible covalent
modification system [35]. The chemical reactions for this network
are given by (cf. Eq. (1)):

b1

A+Eq — (&
G LEN Ay
C] E) A—‘,—E]
) (6)
A*+E, & G,
G, LN A
Gy ﬁ) A* +Ey

Here enzymes E; and E, convert the protein between its two states
A and A* with intermediate complexes C; and Cy. Note that all stoi-
chiometric coefficients are 1 in this example. The system’s state and
parameter vector are given by (cf. Eq. (3))

x:=([A], [A*], [C1], [Go], [Eq ], [E2])T € RS, (7)
p:=(p1, P2, P3. Pa. P5, D) € RE. (8)

Applying mass-action kinetics gives the reaction rate vector (cf. Eq.

(4))

[P1X1X5 ]
D2X3
D3X3
PaX2Xe

DP5X4

L P6X4

With that, the model of the biochemical network (cf. Eq. (5a)) is
given by:

[v1(x, )T
10 1 0 1 0 )
0 1 0 -10 1 vaX, p
1 -1 .10 0 O v3(x, p)

x= . (10)

0 0 0 1 -1 -1 |uep

11 1 0 0 o

00 0 -11 1 vs(x. )
L ve(x, D) |

The output vector y depends on the question and will be introduced
below.

The rest of this section considers some mathematical preliminaries
that are needed to describe uncertainties in the models.

2.1. Conservation relations

A common feature in biochemical networks is conservation rela-
tions among the state variables x of the form

nx
XT-IZZIj,iXi» j=1,...,nc (an
i=1

with non-negative coefficients I;; [41]. Such relations reduce the
number of degrees of freedom and usually the system of differential
equations is treated in its reduced form with ny — n. state variables.

Example (Conservation relations). Under the assumption that
there are no species removed ore added to the considered biochem-
ical network (6), i.e. there is no inflow and outflow of mass, the
following conservation relations exist:

Ar = [A] +[A*] + [G]+ Gl = X1 +x2 + X3+ X4 (12)
Er1 =[E1]+[Ci]=%5+x3 (13)
Erz =[E2] +[C2] = X6 + X4. (14)

With these, the model can be represented in the equivalent form
with state and reaction vectors as follows:

x:=([A], [A*], [C1]) € B3, (15)
[ p1x1(ET,1 — X3)
D2X3
D3X3
vi= , (16)
Paxa(Er 2 — AT + X1 + X2 +X3)

Ps(AT — X1 — X2 — X3)

L D6(AT — X1 — X2 — X3) J
-1 0 1 0 1
S=10 1 0 -1 0 1. (17)
1 -1 10 00

2.2. Discrete-time approximations
The discrete-time version of the continuous-time system (5) is

employed in later sections. The representation

0 = F(x(k + 1), x(k), p, w(k)),

0 = H(y(k), x(k), p, w(k)),

will be used to account for both implicit and explicit integration
schemes, where k € Nisthe time index with associated time points

(18a)
(18b)
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ty € R.The functions F(-) and H(-) represent the discrete-time ver-
sions of f{-) and h(-), respectively.

Example (Discrete-time approximation). Using a first-order
explicit approximation of the time derivative, i.e.

d
4 x) = Fxt0). p. wit) (19)
~ M) 2 X0 _ gy, powie)), (20)

tk+1 — bk
the explicit Euler forward approximation is obtained:
0 = —x(tjey1) +x(t) + (b1 — b ) (X(te), P, Wt ). (21)

Here t;, denotes time at the kth sampling instance. Note that
other, e.g. implicit, higher-order approximation schemes or even
exact-discretization methods could be used to improve accuracy
or numerical stability [102].

2.3. Linearization

For several subsequent analyses, the linearization of the nonlin-
ear dynamical system (5) at a steady-state will be used. To shorten
the notation, the steady state will be written as

.
Ess:=(Xg5, D5, Wis) (22)

for fixed parameter values p =pss and constant perturbations w =
wgs. The steady-states are given by

f&ss) =0. (23)

The linearization of (5) around (22) is then given by

8% = A(&ss)8x + Bw(&ss )W + By(&s5)dD, (24a)
8y = C(&s5)0x + Dw(&ss)Sw + Dp(&ss)dp, (24b)
where the matrices
AE):= ? , (25a)
Xz
Bur= 2 (25b)
Wig
. of
By(€§):=—| , (25¢)
P ap g
()= ? , (25d)
X[z
Du(&):= 88—:; K (25€)
E
- 0h
Dp(&):=%| , (25f)

are evaluated at the point , e.g. at the steady-state £g. This for-
mulation also considers perturbations of the nominal parameter
values pss by 8p, through the matrices By and Dj,.

3. Uncertainty descriptions and robustness specifications

Robustness is typically analyzed and quantified by determining
the allowable uncertainties for which a desired system behav-
ior or function characteristic can be guaranteed (see Fig. 1). In
addition, uncertainty can enter the analysis from many sources
such as the quantitative or even qualitative description of the
robustness property or function characteristic. Other sources of

VN
output

output

g
1 1 1 1 ] ;
0 1 time
(b)
VN
output ¢
@
] ®
@
® ®
® i | : .
@ [ )
$ ? ®
d @
H
1 1 1 1 1 ;
0 1 time

()

Fig. 2. Different quantitative data uncertainties at time points 0, 1, ... and system
outputs/response. (a) Pointwise measurements at the time points. The curves show
the effect of a parameter perturbation on the system output yn.m(t) resulting in
Ypert(t). (b) A set-based or worst-case uncertainty description, which in this case was
derived from (a) by the minimum and maximum measurement values. Multiple
trajectories (gray solid curves) are consistent with the measurements. (¢) Under
certain conditions, if the number of samples is sufficiently large, then the probability
density of the underlying uncertainty distribution may be assumed or derived.

uncertainty are associated with limited structural knowledge and
data. For the model-based analysis of biological networks and for
the development of therapeutic treatments, models must be plau-
sible, predictive, and describe the observed robustness property.
A major problem in relating predictions derived from a model-
based analysis to the actual biological system are model and data
uncertainties. Note that the term data uncertainty is used in a
rather broad sense in this article, to refer not only to the sparse
and uncertain measurement data, but also to qualitative observa-
tions and information from expert knowledge. It is important to
point out that model structure uncertainties, as explained in the
next subsection, are either due to inconsistencies of the model
and the underlying system for which data has been gathered, or
model structure uncertainties are simply a consequence of data
uncertainty.

To be able to make correct statements and predictions despite
these uncertainties, suitable methods that can capture and han-
dle uncertainties must be selected, which are presented in
Sections 4-6. This section presents the required formulation of
the different uncertainties (see Fig. 2) and analysis questions,
and illustrates the uncertainties with some observed biological
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Fig. 3. Qualitative biological system behaviors. (a) Steady-state pattern in the pres-
ence or absence of inputs, i.e., stimuli. (b) Stable oscillations like a cell cycle or
circadian rhythm. (c and d) Qualitatively different transient system outputs. In both
cases, a persistent stimulus is applied as an input. In (c), the output transiently
increases and then decreases again to converge to the prestimulus level even though
the stimulus persists, which is called adaptation in biology. Due to a low sampling
frequency, the time when the maximum occurs may not be known, which then cor-
responds to temporal uncertainties as shown by the horizontal bar. In (d), the output
increases to an elevated steady-state level without (solid line) or with (dashed line)
initial inverse response behavior.

behaviors and states commonly considered analysis questions
(see Fig. 3).

3.1. Model structure uncertainties and model hypotheses

It is often unclear whether relevant species or reactions and
interactions between species have been missed in the construc-
tion of a model for a biochemical reaction network. The structure
of the models is uncertain in the sense that either the stoichio-
metric coefficients in S are not precisely known, some reactions
v( - ) might be absent or present, or the mathematical expression of
the reaction rates (i.e., involved species and reaction kinetics) are
unknown.

The uncertain structure often leads to different model hypothe-
ses that need to be compared against the data. Models with
structures that are inconsistent with the data can then be ruled
out or may indicate that further cycles of iterative modeling and
testing of consistency are required.

Methods to test model consistency while taking uncertainties
into account are presented in Section5, which are based on the
comparison of model outputs with data. For comparison purposes,
it is important to formulate the uncertain data such that a com-
parison can be made based on unbiased tests. These criteria can
be formulated mathematically as constraints on the model outputs,
which is discussed in detail below.

3.2. Set-based uncertainties

Due to limited measurement precision, low sampling frequency,
and low number of experimental replicates (see Fig. 2a), it is not
always possible to have precise knowledge of the actual proba-
bilistic uncertainty distribution. Error bars, as depicted in Fig. 2b,

derived from standard deviations or worst-case approximations,
can be helpful. Such data correspond to uncertainty intervals
or more generally, uncertainty sets. This set-based uncertainty
description is also encountered when parameter values cannot be
specified exactly. Indeed, parameters are usually highly uncertain
and possible ranges can span several orders of magnitude. Meth-
ods to deal with set-based uncertainty descriptions are presented
in Section 5.

3.2.1. Interval uncertainties

Often uncertainties are described by upper and lower bounds
(see Fig. 2). Such bounds on uncertain parameters p or uncertain
initial conditions xq are represented by

p.<pi<p;, i=1,....1np,
I i i 14 (26)

&Ojfx(),ifyo,i! iZ],...,TlX.

Interval uncertainties are a special class of set-based uncertainties.

3.2.2. General set-based uncertainties

To describe such uncertainties more generally, assume that the
variables such as parameters, states, inputs, disturbances or mea-
surements, are all collected in the vector £ and take values from a
set defined by possibly nonlinear inequalities g;(-) >0, i.e.,

§eSp=(f e R :g(§)=0,i=1,2,...,mn). (27)

Note that equalities can be handled by introducing g;(-)>0 and
—gi(-)> 0. The set-based uncertainty description also allows for the
next type of data.

3.2.3. Parameter or data relations

This special class of set-based uncertainties is encountered
when there are known relations between measurements of dif-
ferent outputs or of the same output at different time points. A
common example is when an observed peak of a biological out-
put is known to be twice as high after a stimulus compared to
its value before the stimulus. In general, this results in relations
between (unknown or uncertain) variables and can be represented
as a manifold, which can be implicitly expressed by (27).

3.3. Probabilistic uncertainties

The set-based uncertainty description only describes the pos-
sibility for a parameter value, but does not make any statements
about the probability that particular parameter values are taken.
For certain cases, a set-based description is reasonable and less
assumptive especially if only few replicates are available to make
meaningful statements on probabilistic measurement uncertain-
ties or parameter distributions. On the other hand, due to rapidly
improving measurement and high-throughput techniques, statis-
tics and thus probabilistic descriptions become more and more
available.?

In case meaningful statistics or distributions can be derived, as
in Fig. 2¢, these uncertainties are referred to as probabilistic uncer-
tainties, which usually can be characterized by (joint) probability
densities PDF(). Chance constraints are another way of handling
probabilistic uncertainties [14,98], which can be formalized by

v > Prob(§ ¢ Sg)::/ PDF(&)dE, (28)

S¢

2 When a probabilistic uncertainty description has a finite support, then it can
be related directly to the set-based uncertainty description defined over the same
finite support. For a probabilistic uncertainty description with infinite support, such
as the Gaussian normal distribution, such relationships are only approximate.
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where S is as in (27), and v is the maximally allowed risk level
associated with the considered (joint) chance constraint.

Methods that can handle probabilistic uncertainties are pre-
sented in Section 6.

3.4. Qualitative information on system behavior

Very often the system behavior of interest is not described
by quantitative measures or values. Instead, so-called qualitative
information? is available on how the system behaves (see Fig. 3).
To analyze robustness of this kind of system behaviors requires a
different definition, which is given in this subsection. A thorough
formulation and description can be found in [103]. In many cases,
the qualitative data directly follow from the lack of data and that
absolute and quantitative measurement techniques are either not
available or too expensive.

3.4.1. Steady-state location

Due to lack of affordable measurement techniques with fast
sampling and the long time required in many biological experi-
ments, only measurements of the steady-state before and after a
perturbation or stimulus may be available (see Fig. 3a), in which
case only a particular qualitative pattern of (some) outputs is avail-
able. Because quantification standards may not be available, the
data are normalized, e.g. with respect to the maximum. Different
levels are then defined such as high or low (see Fig. 3a) to verbal-
ize the qualitative system behavior as, for instance, gene activation
patterns [24].

This information can be written similarly as (27),

£ € Sei=(E € R% 1 f(§)=0,84,(6)=0, j=1,...,ng). (29)

The first constraint f{-)=0 is the steady-state condition, cf. (22),
Zssj(-)=0 is the location information, and ngs is the number of
steady-state conditions. Alternatively, probabilistic uncertainties
as in (28) could be used.

3.4.2. Stability, instability, and oscillation

In addition to the location of a steady-state, the dynamical prop-
erties of the biochemical reaction network are of interest. Typically,
biological functions are related to certain qualitative dynamical
behaviors such as multistability, i.e., the existence of several stable
steady-states, limit cycle oscillations, or non-periodic oscillations
(see Fig. 3b). Examples are the cell cycle, apoptosis, or circadian
rhythm [1,113]. From a dynamical systems point of view, bistabil-
ity, multistability, and sustained oscillations are related to stability
and instability of an equilibrium point.

A steady-state &g is locally stable if all eigenvalues of the Jaco-
bian A (see also (24)) have negative real parts. Here stability is
meant in the sense of Hurwitz or local asymptotical stability, which
can be checked by the characteristic equation:

ny

qls, &) = det(sl — A(£gs)) = Zc,-(gss)si —0. (30)

i=0

The question then is whether the family of polynomials g(s, &ss)
with coefficients c;(&s) is (robustly) stable for all uncertainties
&ss € Xss, Where X is a subset of R™:. Answering this question
is equivalent to assessing whether q(s, &) # 0 for all s € C with
Real(s) > 0.

Other ways besides (30) exist to check Hurwitz stability, e.g.,
see [44]. For nonlinear systems, various conditions exist that can

3 Actually, mixed classes of qualitative and quantitative data are usually encoun-
tered.

be used for the analysis of stability of nonlinear systems, e.g., see
standard textbooks such as [56].

3.4.3. Adaptation and inverse response

Besides stability- and instability-related behaviors, the qualita-
tive dynamical responses to perturbations of external conditions
or stimuli are of interest (Fig. 3c). Most prominent examples where
robustness has been observed in vivo and in silico are excita-
tion and adaptation in bacterial chemotaxis [2,11] and archaeal
phototaxis [121]. In this context, adaptation denotes the prop-
erty in which an observed output initially changes in response
to a stimulus, but then returns to the value before the stimu-
lus, even though the stimulus persists. Adaptation is important to
keep cells fit in changing environments by maintaining homeo-
stasis under perturbations, or by expanding the dynamic range
of sensory receptors. From a systems theoretic point of view,
the conditions for exact (or perfect) adaptation have been exten-
sively investigated (see [138,112,144] and references within): if
a system adapts to a class of input signals, then it necessarily
contains a subsystem that is capable of generating signals of this
class, which is known under the term internal model principle
[112,5].

For constant inputs, adaptation is obviously related to the
steady-state gain of the system. The relation between the out-
put deviation from steady-state and the stimulus deviation from
steady-state in the Laplace domain is characterized by the transfer
function

G(5) = ClEss)(I — AlEss))™ ' Bu(Ess) (31)

(assuming p=0 and Dy (&) = 0) as computed from the matrices in
(5), with the complex variable s € C. A system with scalar input
w(t) and scalar output y(t) has perfect local adaptation at &g if and
only if G(s)=0 for s=0. For A(&ss) with no zero eigenvalues, which
would hold for any system that is locally asymptotically stable
about the steady-state, this condition is equivalent to

det G(0) = 0. (32)

For systems with uncertainty, local adaptation can hold only if this
condition holds for all systems within the set of allowable uncer-
tainties.

In a similar manner, inverse response behavior (see Fig. 3d)
could be analyzed with the linearization and is related to unsta-
ble zero dynamics, i.e., zeros of the transfer function G(s) in the
open right-half plane. Inverse response behavior in living cells has
been reported e.g. in [38].

Robustness or invariance of concentrations of particular species
despite the variations of the concentrations of other species is
another important class that has been considered, e.g.,by [116,109].
Robustness or invariance of concentration can be more general and
can also refer to invariance of the considered concentrations on
short or long time scales. In contrast, adaptative system behavior
is usually associated with an initial excitation, i.e., large changes of
the concentrations of one or several species.

3.4.4. Conditional and temporal observations

Very often, only a limited amount of quantitative and temporally
resolved data are available for model construction and estimation.
Instead, only qualitative statements such as if a stimulus is given,
then the concentration increases transiently, before returning to its
prestimulus level even though the stimulus persists. Such informa-
tion is often also provided by experts and experimentalists from
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biological insight or knowledge. Such constraints can be formally
captured using conditional statements such as

IF (g1(6)=0 AND g,(§)=0) OR
(g3(6)=0 AND ...) OR ... (33)
THEN (g4(§)>=0 AND ...).

Generally, the conditions can be constraints involving variables at
the same or even different time points, which allows the formu-
lation of temporal uncertainties, meaning that the time point an
event happens is not exactly known. This situation is illustrated
in Fig. 3c where the time point when the transient response peaks
is temporally uncertain.

As shown by [103], such a formulation allows the description
of many qualitative observations, biological knowledge, and data
using Boolean logic [100,54,13]. The robustness of such qualitative
behaviors, such as having oscillations or transient peaks, is most
often of interest.

3.5. Problem statements for robustness analysis

Robustness analysis can be informally stated as quantification of
the perturbations that a system can tolerate before losing a specific
function [58,74,115,80,90]. More formally, the remainder of this
article considers the question of robustness analysis as (see also
Fig. 1):

1 Quantification of robustness by estimation of parameter sets or
distributions that are consistent with uncertain data (Sections
3.2-3.3) and qualitative specifications of system behavior (Sec-
tion 3.4).

2 Prediction of uncertainty propagation and how uncertainties affect
robustness and output specifications.

The volume of the consistent parameter set is an immediate
measure of robustness. As illustrated and discussed by [21], how-
ever, a large volume of the robust parameter set does not by itself
imply large robustness. For instance, the set might be very thin
where a small perturbation into one direction of the parameter
space leads to a loss of function, while the system can still be robust
for perturbations in other directions (see also Fig. 1). Thus, the
geometry and topology of the robust set contain very important
information on robustness [21].

Sections 4-6 present different methods to tackle these ques-
tions for quantitative dynamical models of biochemical reaction
networks. The main focus is on set-based methods that provide
guarantees, and methods that allow probabilistic statements with
reasonable computational cost.

4. Analysis of local perturbations and network structures

This section reviews methods from systems and control the-
ory that are suited to analyze the influence and propagation of
uncertainties in biochemical reaction networks. In particular, per-
turbations of variables such as the parameters are considered, which
then lead to perturbations of the nominal system behavior. The out-
put trajectory resulting from the perturbation is denoted by yper(t),
as illustrated in Fig. 2.

The presented methods allow a characterization of steady-
state solutions and a quantification of robustness by the distance
between nominal parameters and the parameters for which con-
straints on the qualitative or quantitative behavior are violated
(see Fig. 1). While these methods are conceptually simple and
well-known, their applicability for the analysis of the usually large

uncertainties is limited, because these methods focus on nominal
points that are often assumed to be invariant to the perturba-
tions, or because the methods rely on linearizations which are valid
approximations only for small perturbations.

In addition to these methods, methods are reviewed that allow
statements about the qualitative behavior to be drawn from the
nominal network structure or its perturbation. These methods are,
at least to a large extent, independent of parameters. Due to this
fact, the methods are well-suited for qualitative analyses, but are
limited for quantitative predictions.

4.1. Sensitivity analysis

One question is how the nominal dynamical system behavior
or the steady-state changes in response to perturbations of the
parameters.

For reviews of applications and the general methods, see, e.g.,
[148,125,47,106]. Sensitivity analysis provides a good starting point
to identify the parameters and corresponding key factors that have
strong impact on the output. This analysis can provide valuable
insights about how robust the biological responses are with respect
to parameter changes. In general, sensitivity analysis methods can
be classified as local and global as detailed further below. The sen-
sitivity with respect to probabilistic uncertainties is addressed in
Section 6.

4.1.1. Local sensitivity analysis and metabolic control analysis

Local sensitivity analysis concentrates on a nominal point in the
parameter space, such as a nominal operating condition or steady-
state &. To approximate the perturbed output trajectory ypom(t)
(see Fig. 1) in the case of a small perturbation Jp; of parameter p;,
the first-order sensitivity system can be used, which is obtained
from the linearization (24) of (5) in which the input perturbation
Sw is set to zero:

d ox ox

dt ap, =A(~’§(f))a7j + By, (&(1)), (34a)
dy ox

e C(E(f))a?j + Dp, (&(1)). (34b)

The sensitivity equations (34) describe a linear time-varying system
of ordinary differential equations (ODEs) in which the time-
dependent matrices A(&(t)), Bpj(é(t)), C(&(D)), Dpj(g(t)) (cf. (25)) are
evaluated along the nominal trajectories &(t) of the states, param-
eters and disturbances.

The sensitivity of the steady-state & can be obtained from the
steady-state solution of (34) if A is Hurwitz:

ox -1

aipj = —A(&ss) Bpj(%—ss) (35)

and

887}/ = _C(ESS)A(SSS)JBP]'(%-SS) + Dpj(gSS)’ (36)
Dj

where the matrices are evaluated at &. The latter equation can
then be used to extrapolate the shift of the steady-state output §yss
for finite perturbations dp;:

8yss = (—Cl&ss)A(Ess)™' By (&ss) + Dy, (€55))3p;.- (37)

Note that instead of the absolute sensitivity (35), often scaled or nor-
malized sensitivities such as (pssJ/xss)(ax/apj) are more meaningful
since they measure the relative change of the steady-state [106].
Local sensitivity analysis provides due to the underlying linear-
ization a first-order approximation of the effect of parameter
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Fig. 4. Illustration of the approximation of the steady state of [A*], i.e., Xs;2, for dif-
ferent values of ps. Red dashed lines indicate the predicted steady states determined
from the linear sensitivity analysis.

Table 1
Nominal parameterization.
Parameter Value [a.u.] Parameter Value [a.u.]

D1 10 AT 1
P2 10 Era 0.1
D3 1 Erp 0.2
Pa 10
Ps 1
Ps 1

perturbations. Thus, the local parametric sensitivity analysis results
should be used with care for the prediction of large perturbations,
as illustrated in Fig. 4. Note that several extensions have been pre-
sented, such as for oscillating systems [148,141,129].

A prominent tool for sensitivity analysis of biochemical
networks is Metabolic Control Analysis, see e.g. [53]. Within this
framework, the so called elasticity and control coefficients together
with the connectivity and summation theorems provide useful
means to analyze relationships between changes in system vari-
ables with respect to changes of the parameters. It has been shown
in [48] that Metabolic Control Analysis is closely related to standard
sensitivity analysis as presented above, but with the addition of
constraints resulting due to the summation and connectivity the-
orems, as well as the explicit decomposition of systems behavior
into the component parts.

Example (Local sensitivity analysis). For the reduced model
(16)—(17), the parameterization given in Table 1 was chosen. With
help of (24)-(25) the linearization was determined in dependence
of the steady-state & and the parameter pg. The sensitivities of
the states are derived according to (35) and depicted in Fig. 4 for
state x; for several choices of pg. Additionally, the figure depicts the
dependency of the steady state x; =A in dependence of kg. As one
can see the local sensitivity information can be misleading, since
relatively small changes in pg change drastically the steady state
value &1, although the sensitivity might suggest otherwise. For
this reason, higher-order sensitivities (e.g., [46,20,118] and global
sensitivity methods have been considered. The latter are described
in the next subsection. Note that the steady state behavior of the
model under uncertainties is studied further below.

4.1.2. Global sensitivity analysis

Global sensitivity analysis aims to predict model behavior either
for larger parameter values, or for local sensitivities averaged over
adomain in parameter values. Often statistical methods are used to
guide the sampling of values from within the specified domains in
the parameter space. An introduction to global sensitivity analysis
is available from [84].

In [117,125] a global sensitivity analysis method based on an
input-output control engineering view was presented. The idea
employs a combination of observability and controllability Grami-
ans (also see [111]), the so-called cross Gramian, and an empirical
extension for nonlinear systems. While this approach allows larger
parameter perturbations to be considered, the statements are still
made with respect to a nominal operating point.

4.2. Bifurcation analysis

Bifurcation analysis based on numerical continuation has often
be used to measure robustness in cases when only few parame-
ters are assumed uncertain and varied [58,80,90]. As discussed by
[136], a major limitation is that bifurcation surfaces (see Fig. 1) can
usually not be computed explicitly in a high-dimensional parame-
ter space. In addition, continuation methods may miss parts of the
bifurcation surface, even if only one or two parameters are uncer-
tain. To deal with uncertainty in multiple parameters, structured
singular value has been suggested as an analysis tool [110,58,80].
However, most approaches based on the structured singular value
do not directly take the uncertainty in the location of the steady-
state due to parameter variations into account (e.g., see discussion
by [135]). More recently, researchers have shown how to use
structured singular analysis to assess the effects of parametric
uncertainties on the qualitative character of the local dynamics
[69].

The authors of [87] use normal vectors on manifolds of critical
points to measure the distance between these manifolds and equi-
librium solutions. This approach allows the characterization of an
equilibrium solution by their parametric distance to manifolds at
which the behavior of the system changes qualitatively, i.e., bifur-
cation points, or points at which state variable constraints or output
constraints are violated. Statements are only made with respect to
a nominal operating point.

4.3. Kinetic perturbations

Akinetic perturbation is a modification of the network’s reaction
rate vector from v( - ) to 7( - ). The key restriction is that the steady-
state reaction rates should remain unchanged, i.e., (&) = U(&ss).
Kinetic perturbations change the slope of the reaction rates at a
steady-state, but leave the nominal steady-state and the stoichio-
metric matrix unchanged. Defining a suitable perturbation matrix
A e R ™ the change in the slope of the reaction rate at steady-
state £ is given by

5'/3:?(555) - @(gss) = diag(ﬂ(fss))Adiag(éss)q.
X ox

Considering the linear approximation (24) of the network at steady-
state, the Jacobian is

A(sv) = s%@ss) - diag(i(Es)) Adiag(Es) .

Using the notion of kinetic perturbations, [137] studied the robust-
ness problem of finding a perturbation 8v such that A(Sv) has
eigenvalues on the imaginary axis, i.e., where the qualitative behav-
ior of the system changes.

Inasimilarapproach, [138]investigated the adaptation problem
for a network with scalar input and output. Then the adaptation
problem is to find A such that (32) is satisfied and A(8v) is Hurwitz.
Both the robustness and adaptation problem are solved by robust
control techniques [147].
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4.4. Qualitative behavior and its dependence on network
structure and feedback loops

In principle, using parametric sensitivity (as discussed in pre-
vious subsections) as a measure of robustness is based on the
assumption that the underlying model structure is exactly known
and that all relevant perturbations can be represented by changes
in the model parameters. However, model structures are in general
uncertain due to incomplete knowledge of the reaction kinetics,
neglected intermediate reaction steps, and unmodeled transport
phenomena such as diffusion and delays [49].

A large number of methods are available to analyze the robust-
ness of the qualitative system behavior with respect to perturbation
or addition/removal of interactions between the species in the net-
work. Below is a review of a selection of methods for structural
network analysis.

4.4.1. Structural robustness

The authors of [50,130,49] used linear systems analysis, transfer
functions, and structured singular values to analyze perturbations
that affect the model structure, and [51] considered structural
uncertainty as unmodeled dynamics and used transfer function
analysis to compute robustness with respect to structural changes
in reaction networks. In addition, it was shown that robustness
analysis can be used to validate/invalidate a hypothesized model
structure and to detect structural fragilities.

4.4.2. Monotone systems
For certain classes of biochemical reaction networks, model
structures (or reaction structures) can be related to dynamical
system properties such as multi-stability, in which the network
can alternate between mutually exclusive states over time due to
small perturbations in parameters or noise. For monotonic reaction
rates, [22] analyzed associated graphical models to characterize
structures of biochemical reaction networks in terms of dynamical
properties including multi-stability and convergence to an equi-
librium point. Monotonicity of reaction rates means that, for the
reaction network dynamics (5), the nonlinear function v(x, p) cor-
responding to a reaction rate vector satisfies the relations
>0 ifsgfj) >0,

av,-(x,p) Vi:],...,nr,

8Xj

-0 ifsgf; =0, Vj=1,...n,
for all p.* These results follow from extensive studies of monotone
systems [28,6,7].

In [132,64,65] the authors discovered that the existence of pos-
itive and negative feedback loops in a reaction network plays a key
role in robustifying a dynamical reaction network system against
both parametric and structural perturbations.

5. Set-based uncertainties and analysis

The methods presented in Section 4 enable the analysis of per-
turbations of a small number of parameters, and for the most part
do not easily allow the consideration of more general set-based
uncertainties. In the analysis of biochemical networks, however,
it is important to consider simultaneous perturbations and uncer-
tainties in all parameters, and to derive rigorous enclosures of all
solutions for iterative modeling or classification of motifs. This sec-
tion presents methods that can deal with set-based uncertainties

4 Since monotonicity of reaction rates are required for all p in the set, this property
might be called robust monotonicity.

and provide bounds on all solutions (see Fig. 2b), as well as how to
employ set-based approaches for robustness analysis.

5.1. Interval analysis

Interval analysis was introduced by [88] as an approach to bound
rounding and truncation errors in mathematical computations. Due
to its general simplicity and computational efficiency, as well as
many sophisticated improvements, interval analysis has gained
much attention. Several reviews have been published [89,42,52],
with many discussing applications to robust prediction, estimation
and control.

This approach considers interval uncertainties (26), which result
in different possible output trajectories. Guaranteed bounds on the
outputs,
VY=V i=l...my, (38)
can be computed using interval functions and interval arithmetic.
Interval arithmetic is a logical extension of standard arithmetic.
Operations like addition and subtraction are simply defined by
operations on the lower and upper bounds.

Interval analysis is a simple but very computationally efficient
technique with numerous applications in mathematics, computer
science, and engineering (see reviews cited above), but the compu-
tation of the tightest possible interval solution set that completely
contains all solutions is difficult, primarily due to correlations
among uncertain variables. This difficulty is discussed in more
detail next.

5.1.1. Stability analysis using interval matrices

Stability and instability are related to many biological functions
as highlighted in Section 3.4. Consider a system (5) with box-shaped
parametric uncertainties,

Pi=lpy.Prlx - xIp, . P, . (39)

as defined in (26). A standard approach for robustness analysis of
nonlinear systems in the presence of such parametric uncertainties
is to examine the linearization (24) and its associated characteristic
equation. In mass action networks, the parametric uncertainties
appear affinely in the entries of the Jacobian A, denoted by A(p),
and consequently polynomially in the coefficients c;(p) of the each
term of the characteristic equation (30).

A common approach to bound c;(p) is to relax the polynomial
dependencies and assume each ¢;j(p) as an independent uncer-
tainty interval. Lower and upper bounds for cj(p) can then be
computed using interval arithmetic and the polynomial becomes
consequentially an interval polynomial. In 1978, Kharitonov pro-
posed a theorem on robust Hurwitz stability of interval polynomials
that reduces the stability analysis to the stability of four determi-
nistic polynomials, where each polynomial corresponds to a certain
combination of extreme values ¢;(p) and ¢;(p) of each coefficient
[57].

Interval polynomials and the well-known Kharitonov theorem
is thus an approach for the stability analysis of biochemical reac-
tion networks with interval uncertainties. Albeit this approach is
elegant, a drawback is that it neglects the parameter correlation in
each coefficient c;(p). In general, algorithms that are based on pos-
itivity of the Hurwitz determinant associated with (30) suffer from
the fact that the order of the polynomials c;(p) grow polynomially in
the number of states, ny, and in the order of the entries in A(p). This
approach can lead to high-order polynomials c;(p), and neglecting
the parameter correlations by an over approximation using inter-
val analysis is highly conservative. In realistic reaction networks,
usually this conservatism is too large for this approach to produce
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Fig. 5. The figure depicts the derived outer-bounds on the steady-states if the parameters p4 and ps are unknown-but-bounded, i.e. ps € [3.33, 30], ps € [0.33, 3]: (a)
Feasibility formulation, (b) interval analysis. Both results were obtained with the toolbox ADMIT, in case of the feasibility formulation the SDP was solved with MOSEK 7.0.
Green dots represent Monte Carlo samples uniformly taken from the previously given intervals and x € [0, 1]°.

useful stability analysis results for the original nonlinear dynamical
system.

It is therefore important to apply other appropriate methods
that take care of the dependence of the parameters to remove
conservativeness due to correlation of the uncertain parameters
whenever possible (for specific numerical examples, see [34] and
citations therein). Root locus is a general method but too com-
putationally expensive when the number of parameters is large.
The generalized Kharitonov [12] method is more general but still
only applies to limited parameter dependencies. Numerous other
approaches for robust Hurwitz stability that handle more general
polynomial parameter dependencies have been presented in the
systems and control communities, for example, see [146] and ref-
erences within. In the following, other set-based approaches for
stability analysis and for addressing other questions stated in Sec-
tion 3 are presented. These methods reduce this conservatism by
improved relaxations.

5.2. Linear and semidefinite relaxations

The general idea behind the methods presented next is to
construct a feasibility problem (or sometimes called a constraint sat-
isfaction problem) and to derive the set of all feasible solutions, that
is, not just one feasible solution. This feasibility problem is a set of
nonlinear equations and inequalities, concisely written as

find &

40
subject to g;(&) >0, o

i=1,...,ng

where the vector & = (x, p, w) contains all time-varying and time-
invariant variables that appear in the problem. The constraints g;(£)
are used to represent the nonlinear dynamics (5) after a suitable
time discretization on a finite-time horizon ty, t1, .. ., ty,, as well
as all set-based uncertainties and relation of variables and other
information on the outputs in the form of (27).

Due to nonlinearities and nonconvexities, the solution set of
(40) cannot be derived directly. Therefore, relaxations into linear
and semidefinite feasibility problems are applied. The basic idea of
relaxations is to replace nonlinearities with simpler expressions.
For example, a linear relaxation introduces variables that are lin-
ear in the relaxation (or lifting) variables. The resulting relaxed
problems can be solved efficiently, and due to this relaxation pro-
cedure, each solution of the original nonlinear feasibility problem
is also a solution of the relaxed feasibility problem. The converse is,
however, not true.

Interval analysis (see Section5.1) follows the same idea and
relaxes a nonlinear expression by over approximating it by an
interval. As discussed, interval-based relaxations can be quite

conservative. The following approach produces, in our experience,
tighter bounds [123].

With the assumptions of real-valued,” bounded, and non-
negative® variables £, as well as polynomial or rational expressions’
gi(€) >0, the constraints g;(-) in (40) can be reformulated in terms
of a symmetric, rank-one matrix X=&¢T composed of mono-
mials needed to represent the inequalities. This representation
enables the nonconvexities to be captured in form of a rank-one
condition on X. By relaxing the condition rank(X) =1 with the
weaker constraint X >0, a convex semidefinite program (SDP) is
obtained:

find X

subject to trace(Q;X) >0, i=1,...,ng,
(41)

X>0
X],]Z]

where X ; is the element in the first row and column of matrix X.
The trace constraints (where ng,,, > ny;) are obtained from rewrit-
ing the constraints g;(-) in terms of X, and the X; ;1 =1 accounts for
constant terms in the inequalities.?

To deal with larger biochemical reaction networks with more
constraints and variables, the SDP can be relaxed to a linear pro-
gram (LP) by replacing X >0 by the weaker constraints X>0 and
by assuming symmetry of X. More details can be found elsewhere
[123,103,125].

The relaxed SDP or LP contains information about the model
dynamics (5) and the set-based uncertainties (27). In general,
this approach is very flexible and allows different robust analysis
questions to be tackled as done further below. Formulation of fea-
sibility problems with associated constraints on data and models
with set-based uncertainties, the involved relaxation steps, and the
respective solution of the problems by outer approximations can
be performed in ADMIT, which is a freely available toolbox [123].

5.2.1. Structural uncertainties and model invalidation
To prove that a model hypothesis, reformulated as a feasibil-
ity problem (40), is inconsistent with some qualitative behavior or

5 Section 5.3 shows that mixed real and integer-valued variables can be handled
if qualitative (e.g., conditional and temporal) constraints are needed.

6 Due to the boundedness of the variables, the non-negativity of the variables
poses no limitation and can be obtained by suitable translation.

7 Assuming polynomial expressions poses few limitations, because different solu-
tions exist to convert the rational and transcendental into polynomial form, see
Section 2.

8 Usually additional constraints, such as McCormick’s relaxation of bilinear terms
like &; = p1p2, are added to tighten the solution set as discussed and detailed by [119].
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with output constraints despite set-based uncertainties, it is neces-
sary to determine if a solution for the feasibility problem (40) exists.
An efficient approach [103] in this case is to consider the Lagrangian
dual formulation of the semidefinite or linear relaxation. The weak
duality theorem and the relaxation process guarantee that, if the
objective of the dual program is unbounded, then (40) does not
admit a solution and hence is inconsistent. This approach enables
entire families of models to be ruled out and thus deals efficiently
with structural uncertainties.

5.2.2. Uncertainty propagation and parameter estimation
The feasibility approach also enables the derivation of outer
approximations of consistent parameter sets or state variable sets
and can therefore be used to address the robust estimation of states
and parameters. Outer approximations of uncertain variables can
be obtained if the feasibility problem is replaced by an optimization
problem in which the single variables are minimized or maximized.
A tighter lower bound of variable &; can be obtained by the formu-
lation
infimum §;
(42)

subjectto g;(§)>0, i=1,...,ng

followed by application of the same relaxations as above. In this
way, box-shaped outer approximations can be easily determined
on state variables of parameters.

Outer approximations provide an intuitive measure of
robustness—the larger the volume of the outer approxima-
tion, the more robust the system. As discussed in Section 3.5,
robustness measures purely based on volume should not be
overinterpreted because the shape of the robust set also contains
important robustness information. The shape can be approxi-
mated by partitioning the initial uncertainties into regions that are
independently checked for feasibility (that is, whether each region
contains a solution or not). With suitable recursive algorithms, this
approach allows the derivation of an outer approximation of the
variables of interest. Using the partitioning approach, guaranteed
bounds on steady-states were derived by [39]. The approach has
been used for set-based parameter estimation [101] and the anal-
ysis of system responses to perturbations [125]. In the following
two examples the steady states and the consistent parameters are
analyzed.

Example (Set-based analysis of steady-states). Interval analysis
(Section 5.1) and the feasibility problem formulation (Section 5.2)
were employed to derive outer-bounds on the steady states of
model (15)-(17) for unknown-but-bounded parameters p4 and pg.
Forp4 and pg the intervals [3.33,30] and [0.33, 3] are chosen, respec-
tively. The results of both methods are depicted in Fig. 5 as well
as some Monte Carlo samples for comparison. Both estimations
were obtained with ADMIT [123]. It should be noted that the focus
of ADMIT is the formulation and solution of feasibility problems
and, therefore, it might be possible to improve the interval analysis
results by employing a more specialized implementation.

Example (Set-based parameter estimation). Using the feasibility
formulation from Section5.2 outer-bounds on the parameters
were derived for given measurement data. The measurement
data was obtained by simulating the model (15)-(17) with the
parameterization provided in Table 1 and the initial condition
x(0)=[0.50.250.1]". Afterwards, a relative error of 1% was added
to the simulated trajectory to get the upper and lower bounds
of the measurement intervals. To estimate the parameters, model
(15)-(17) was discretized employing the implicit Euler integration
with a step size of 0.5. The implementation was done in the tool-
box ADMIT. The result of the parameter estimation procedure is
depicted in Fig. 6, when in addition to the initial condition five

3.00} Foeag
asR

0.33

Fig. 6. Outer-approximation of the consistent parameters employing the feasibility
formulation. Results obtained with the toolbox ADMIT using the solver SEDUMI.
Green dots represent Monte Carlo samples leading to consistent trajectories.

measurement intervals are considered. The involved semidefinite
programs were solved with the solver SEDUMI.

5.2.3. Stability and instability

Biological networks should perform their functions robustly in
spite of the presence of uncertainties. To check the robustness
of stability- and instability-related behaviors, (30) and its associ-
ated Hurwitz determinant could be used to test local asymptotic
stability, similar as for the interval analysis approach, but this
approach suffers from similar conservatism as the interval poly-
nomial approach.

Linear programming can be employed in a feedback loop-
breaking approach to obtain conditions for the non-existence
of local bifurcations under a parametric uncertainty [136]. The
conditions are checked computationally by applying the Posi-
tivstellensatz, which is relaxed into a linear program similar as
above. A solution to the linear program yields a robustness certifi-
cate for the considered dynamical behavior and lower robustness
bound corresponding to a level of parametric uncertainty up to
which no local bifurcations can occur. A less conservative alter-
native approach for identifying parameter sets in which local
bifurcations cannot exist is based on structured singular value anal-
ysis [69].

5.3. Mixed-integer linear relaxations

Semidefinite and linear relaxations enable the determination of
outer approximations of parameters and state variables consistent
with formulated quantitative robustness constraints. The methods
presented in this subsection use mixed-integer programming® and
allow the determination of inner approximations and the analysis
of qualitative information (which was introduced in Section 3.4).

5.3.1. Inner approximations

Robustness can be quantified by the volume of the outer approx-
imation of the consistent sets, but this measure can be misleading
for two reasons. First, the outer approximation is conservative
and usually contains inconsistent parameterizations. Second, even
if the outer approximation is tight, the consistent parameter set
might not be simply connected such as discussed by [21] (and also
discussed in Section 3.5). An important analysis problem is to find
inner approximating sets for which it is guaranteed that all param-
eter combinations from this set lead to consistent solutions. This

9 Mixed-integer programming can handle also allows discrete values for param-
eters, states, and input variables.
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determination will then help to elucidate the geometry and topol-
ogy of the consistent parameter set.

A method to determine inner approximations was proposed in
[124]. It borrowed ideas from and built on a framework presented
by [103] that allows qualitative information to be considered. In
this approach, the constraints g;(§) > 0 in (27) are reformulated by
associating a binary variable b; with each constraint such that each
binary variable is constrained to be true if and only if the associ-
ated inequality is satisfied. This approach leads to an equivalent
mixed-integer nonlinear programming problem. An inner approx-
imation is then obtained by adding a logical combination using
OR-statements and by checking if the feasibility problem has a solu-
tion or not. Sets of parameters or initial conditions for which the
feasibility problem provides no solution then give an inner approx-
imation. The relaxation of the mixed-integer nonlinear feasibility
problem into a mixed-integer linear feasibility problem allows the
inner approximations to be determined efficiently.

5.3.2. Including qualitative information in robustness analysis

Qualitative, temporal, and conditional statements of the gen-
eral form given in (33) were considered in [103]. In general, AND
combinations of constraints (e.g., g1(£)>0 AND g,(£)>0) can be
readily combined with any quantitative information because such
constraints can simply be included in the feasibility problem. OR-
combinations (e.g., g21(£) > 0 OR g,(£) > 0), on the other hand, have
to be treated differently. Similar to the inner approximation idea,
one approach is to introduce binary variables (e.g., by) with con-
straints imposed such that the binary variables have values of true
(i.e., equal to 1) if a condition (e.g., g1 (&) > 0) is satisfied. By suitably
combining the binary variables in linear constraints, the statements
associated with g and g, can be enforced to be true, which then
allows the estimation of consistent parameters.

The inclusion of integer variables is computationally demand-
ing, but very versatile. By suitable formulation of qualitative
information and statements, using Boolean algebra and reformu-
lation in terms of the mixed-integer program, many different types
of uncertainties can be considered such as temporal uncertainties
(i.e., the statement associated with g,(&) is true at time t; OR at
time t; OR ...), or more general logical combinations (statement
1 OR statement 2 is true if statement 3 is true). This approach has
been used for the robustness analysis of adaptation networks [103].

5.4. Methods for continuous-time dynamical systems

Continuous-time systems can be addressed within the pre-
sented framework by discrete-time approximations, e.g., obtained
by numerical integration. Due to the discretization error, the con-
sistent parameter sets of continuous-time and discrete-time model
do not necessarily overlap and, thus, wrong conclusions on model
robustness are possible [102]. One assumption that still allows the
direct application of the presented methods is to assume that the
time derivatives of the state variables are available as measure-
ments [31], but this assumption often does not hold in practice.

Interval analysis methods that can deal with continuous-time
dynamics rely on higher-order Taylor approximations and are usu-
ally termed verified integration (for example, see [79,94,15]). The
tightness of the over approximations produced by these methods
heavily depend on the underlying integration algorithms. The over
approximations typically grow in conservatism over time and can
become arbitrarily conservative at intermediate to late times, even
to the point of growing exponentially fast over time for problems
in which the volume of the true set is constant. Verified integration
can easily be used for prediction of uncertainty propagation, but
analysis considerations such as stability can be difficult to assess.

There exist other methods that employ semidefinite pro-
gramming and the related Sum-of-Squares approach, such as

barrier certificates [4,96,97] and occupation measures [122]. These
approaches allow the continuous-time dynamics to be considered
directly without numerical integration and allow the certification
of parameter regions as inconsistent with data and model. Occu-
pation measures have been used [122] to derive both polynomial
inner- and outer-approximations of the consistent parameter sets
for continuous-time nonlinear systems.

An advantage of approaches based on barrier certificate and
occupation measure is that these approaches directly incorpo-
rate the right-hand side of the differential equations between
the measurement points without using any approximation by
time discretization. However, both approaches are computationally
demanding for realistic systems since the number of decision vari-
ables increases quickly as the number of variables and relaxation
order increases (see discussion and references in [122]).

5.5. Approaches using skewed structured singular values

As stated in Section 2, many biochemical reaction networks can
be described by polynomial or rational functions. Such systems
together with parametric uncertainties, noise, and disturbances
can be expressed in the form of a linear fractional transforma-
tion (LFT) by using block diagram algebra or multidimensional
realization algorithms, assuming that the input-output mapping
is well-defined for the nominal system [147,40,82]. The resulting
LFT consists of two terms: a term for the nominal system and a term
for the uncertain/varying portion of the system.

5.5.1. Bounds on uncertainty propagation

If a system outputis expressed by an LFT, the system’s parameter
set and the output set can be related by the skewed structured sin-
gular value along with the scaled main loop theorem [29,105,147].
This theorem states that the maximum norm of the LFT over an
uncertainty set is the corresponding skewed structured singular
value. With this theorem, the skewed structured singular value can
be used to analyze the effects of uncertainties on the output of sys-
tems with very general types of parameter dependence, which can
reduce conservatism compared to other methods.

To see how the parametric uncertainties propagate to the out-
put, consider a discrete-time system with a scalar output (18),
which corresponds to continuous-time system (5). In order to
derive lower and upper bounds on the output variables y(k), an
LFT that expresses the output y(k) is constructed using a constant
matrix N, and a perturbation matrix A that contains information
on the interval uncertainties.'® For systems with parametric uncer-
tainties, A is a block-diagonal matrix where each block is a scalar
times the identity matrix.

By using the main loop theorem, the lower and upper bounds
on the output can be expressed as

Y(K) = —va(N) + M,
Y(k) = va(Nu) = M,

(43a)
(43Db)

where M >0 is any large enough scalar value, and N; and N, are
constant matrices coming from the matrix N of the LFT and M.
Variations that balance the conservativeness and computational
complexities of the algorithm have been developed [72].

In this approach, once the system is written in LFT form, the
computational difficulty and robustness are the same as that of
computing lower/upper bounds on the skewed structured singu-
lar values, which can be computed in polynomial time. For further
discussions, see [72]. The computational cost of bounds on the

10 For systems with ellipsoidal uncertainties, the skewed spherical structured sin-
gular value should be used instead of the skewed structured singular value [67,70].
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Fig. 7. The figures depict the derived outer-bounds on the trajectories of the states x, and x; with parameters and initial conditions given in Table 2. The trajectories for x;
are not shown for lack of space. Blue bounds are based on v lower bounds, and red bounds are based on v upper bounds. Green lines represent trajectories generated by

Monte Carlo samples uniformly taken from the uncertainty set.

Table 2
Parameters.

Known parameters Value Uncertain parameters Value range

Ar 1 P [90,000, 110,000]
Era 0.01 Pa [45,000, 55,000]
Era 0.01 Ds [900, 1100]

P2 1000 x1(0) [0.49,0.51]

ps 1 x2(0) [0.245, 0.255]
s 1 x3(0) [0.098, 0.102]

skewed structured singular values depends on the size of the LFT.
For this purpose, it is desired to employ an LFT of minimal order.
Although the construction of a minimal LFT is equivalent to a min-
imal multidimensional realization and is non-trivial, there exist
order reduction algorithms [83,23,36,104] that can be applied.

Example (Set-based estimation of state trajectories). In this exam-
ple, the approach based on the skewed structured singular value
discussed in Section 5.5.1 is employed to derive outer-bounds on
the state trajectories of the model (15)-(17). The model (15)-(17)
is first discretized employing the explicit Euler integration as in
Example 3 with a step size of 0.00001, and the bounds on the state
trajectories are obtained using (43) for the discretized model with
the parameterization and the set of initial conditions provided in
Table 2. The results are depicted in Fig. 7. The computation of the
value of vis NP-hard [17], and its polynomial-time upper and lower
bounds were obtained with the Skew Mu Toolbox (SMT) [30].

5.5.2. Inner approximation

The skewed structured singular value can also be used to find a
parameter set that is consistent with the given specification of the
system output/response. A simple approach consists of two steps
for the output expressed by an LFT. The first step is to decide the
shape of the box of the allowable uncertain set (e.g., the ratio of
8p1 and dp; in Fig. 1). The shape can be chosen based on the rel-
ative expected variations in the parameters, the magnitude of the
nominal parameters, or other methods [68]. This step is necessary
because the skewed structured singular value gives only one value,
and cannot compute multiple values at once. In the second step,
the skewed structured singular value is used to stretch or shrink
the chosen box equally in all directions to find a maximum volume
uncertain set that guarantees the satisfaction of the specification
on the system output/response [68].

As an alternative to the two-step method by skewed struc-
tured singular values, the problem of finding a consistent parameter
set can also be solved by using D,G-K iteration via reformulation
of the problem as a constant-matrix p synthesis problem. This
reformulation allows the simultaneous optimization over the
parameter center, box shape, and box size [71].

6. Probabilistic uncertainties and analysis

As more measurements can be made for biochemical experi-
ments as a result of technological advancements, parameters are
more often reported in probabilistic form, which increases the
importance of methods that analyze the influence and propagation
of probabilistic uncertainties (see Fig. 2¢). Two classes of meth-
ods for the propagation and analysis of probabilistic uncertainties
are summarized in this section. The first class of methods uses
an approximation of the Liouville equation and its solution using
the Fokker-Planck equation. The second class of methods employs
polynomial chaos theory, which expands system responses to prob-
abilistic uncertainties in appropriate polynomial basis functions,
which are determined by the uncertainty distributions. Approxi-
mating system responses by these polynomial chaos expansions
(PCEs) has the advantage of decreasing computation time com-
pared to Monte Carlo simulation which requires the solution of the
system equations for each sample. The two classes of methods are
described below.

6.1. Approximate analysis using the Fokker-Planck equation

Analysis of the effects of randomness (i.e., probabilistic uncer-
tainty) of the initial concentrations and kinetic reaction parameter
variations can be studied by solving a partial differential equation
(PDE) known as the Fokker-Planck or Liouville equation for a given
probability distribution of initial concentration profiles and kinetic
parameters. It is usually very computationally expensive to com-
pute an exact solution for such PDEs, and there have been made
many efforts to either avoid solution of the PDE or compute an
approximate solution instead. Such methods for stochastic stability
analysis and sensitivity analysis are described next.

6.1.1. Stochastic stability analysis

Stochastic stability of two gene regulatory networks that were
built and analyzed in the biological literature were analyzed in [26].
In this work, standard theorems in the literature [76] were special-
ized and enabled the analysis of stochastic stability using Lyapunov
functions, which is much simpler than direct analysis of the Fokker-
Planck equation for the probability distribution. [64] characterized
the dynamics of a motif consisting of interlinked fast and slow pos-
itive feedback loops, which regulate polarization of budding yeast,
calcium signaling, Xenopus oocyte maturation, and other processes
[18]. Interest in this motif as a component in synthetic genetic
networks is that it provides a dual-time switch that can be rapidly
and reliably induced while being relatively insensitive to noise in
the stimulus [18].[64] discussed how the expressions derived from
this approach can be used to design robust biological gene switch
circuits that perform programmed desired behaviors in the pres-
ence of intrinsic and extrinsic perturbations.
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6.1.2. Sensitivity analysis

The Trapezoid Rule for Adaptive Integration of Liouville dynamics
(TRAIL) to analyze the propagation of randomness (distribution) in
nonlinear dynamical systems was developed and applied in [43].
This technique consists of two steps: (a) prediction, in which linear
ordinary differential equations (ODEs) corresponding to reaction
dynamics and the associated Fokker-Planck equations are used, and
(b) correction, in which nonlinear effects are treated to refine the
accuracy.

The reaction dynamics (called macroscopic dynamics) was lin-
earized with respect to a steady-state in [27]. Also the covariance
of a solution of the corresponding Fokker-Planck equation in terms
of a solution of Lyapunov equations was computed. The method
was shown to efficiently estimate sensitivity criteria and analyze
the effects of the elimination of fast variables (that is, removing fast
subsystems, which corresponds to unmodeled dynamics).

6.2. Polynomial chaos theory

This section considers a stochastic spectral method for prop-
agation and quantification of probabilistic uncertainties, called
polynomial chaos theory. Introductory tutorials are available on the
use of polynomial chaos theory that emphasize the application to
systems and control problems [66,93,92] or focus on sensitivity
analysis [126]. This section provides a tutorial introduction to the
ideas of polynomial chaos theory with some simple examples of
biochemical reaction network systems.

6.2.1. Propagation of probabilistic uncertainty

The polynomial chaos method was first introduced by [139]
for turbulence modeling for uncertainties that are Gaussian ran-
dom variables, which was later extended to other random variables
[8,143]. The underlying idea is to use a spectral decomposi-
tion for which solutions for differential equations with stochastic
uncertainties in the initial conditions and parameters in an
infinite-dimensional probability space are projected onto a finite-
dimensional subspace spanned by a set of certain polynomial basis
functions. Selection of the types of basis functions depends on the
types of random variables whose stochasticity is to be propagated,
and the methods of projections determine ways of computing the
associated coefficients of basis functions that minimize an approx-
imation error. The optimal choice of basis functions have been
derived for all of the commonly used probability density functions
[143].

Example (Uncertainty propagation using PCE). To illustrate the use
of PCE methods for uncertainty propagation, consider the biochem-
ical reaction network model underlying cAMP oscillations observed
in chemotactic Dictyostelium discoideum cells [80]:

_k1X7 — k2X1X2 ]
’(3)(5 — ](4X2
k5X7 — k5X2X3

dx

—— = | k7 — kgx3x 44

i 7 — KgX3X4 (44)

ng] — I€10X4X5

’(11X1 — ](1 2X6

| k13X — k14X7
where
p=1[ki,ka, ..., k1a]"

is the vector of parameters, and the state vector

-
X=[x1,...,x7]

contains the concentrations of seven proteins: [ACA], [PKA], [ERK2],
[REG A], [Internal cAMP], [External cAMP], and [CAR1], respec-
tively. Suppose that the only source of uncertainty is in the kinetic
parameters'! described by a normal distribution with mean 0.8 and
standard deviation 0.1:

kg~norm(0.8,0.1).

The states x;(t ; kg) were approximated by PCEs of the form
m;

Ri(6:0) =) Ei(0)(6), (45)
j=1

where
6~norm(0, 1),

ie, ks=0.10+0.8, and ¢; are Hermite polynomial basis functions,
which are optimal for normal distributions for the parameters. This
example uses a collocation method to determine the coefficients
in the PCE. A least-squares fit was used to determine &;(t), which
minimizes

[xi(t: ke) — %i(£: )1 (46)

for m; distinct values of 6 that are roots of ¢m 1. Fig. 8 shows
the average and variance of [ACA] computed from an 8th-order
PCE (m;=9) and from Monte Carlo simulation (10* samples). Com-
pared to Monte Carlo simulation, which takes 342.7 seconds, PCE
decreased the computational time by a factor of more than 500, to
0.644 seconds. As shown by Fig. 8, PCE agrees with Monte Carlo for
short-time behavior; however, as time progresses, disagreement
in the variance increases. This result suggests that PCE should be
applied to oscillatory systems with caution, which has motivated
the development of modified PCE methods that are more accurate
for such systems [78].

The PCE methods require the determination of the associated
coefficients &;;(t). In addition to the least-squares fit, there are sev-
eral methods available for the determination of the coefficients of
a PCE. For the details of various methods of PCE coefficient deter-
mination, the readers are referred to the research monographs
[77,142].

In addition to quantifying uncertainty propagation in dynamical
systems, PCE methods have been used to facilitate solving Bayesian
inference problems [81,86]. Direct Monte Carlo simulations are
replaced by PCEs to efficiently approximate the likelihood functions
associated with the Bayesian rule of computing posterior distri-
butions. Computational efficiency and approximation accuracy of
using the PCE methods for solving Bayesian inference problems
have been demonstrated with genetic circuit models [85] and a
diffusion process [86].

6.2.2. Steady-state probability distributions

In the presence of randomness of kinetic parameters, the
steady-state of a locally asymptotically stable biochemical reaction
network has a probability distribution in which the probability den-
sity function of the state or the output converges as time goes to
infinity. For analysis of the steady-state of the output ys, a goal is
to compute or estimate such a converging probability distribution.
One approach to estimate the steady-state distribution is to use a
sampling-based method such as Monte Carlo simulation, which is
computationally inefficient, especially for analysis of a large-scale
biochemical reaction network. A spectral method based on PCE can

11 PCE methods can be also used for uncertainty propagation and quantification of
uncertain initial conditions and/or inputs in straightforward ways, see [60-62] for
technical details.
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Fig. 8. Average and variance of the state x; computed from an 8th-order PCE and from Monte Carlo simulation for 10* samples (computation time: 0.644 seconds for PCE

and 342.7 seconds for Monte Carlo simulation).
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Fig. 9. PCE approximation of 3rd-order for the distribution of steady-state X =[A*] if the uniform uncertainty in ps is (a) from 10-6 to 103, or (b) from 102 to 103.

be used as a computationally efficient alternative to analyze the
probability distribution of the steady-state.

Example (Approximation of the probability density function (PDF)
of the steady-state behavior using PCE). Using the initial example,
a PCE based on the Legendre polynomials was used to approx-
imate the probability density function of steady-state [A’] as a
result of uniformly distributed uncertainty in ps. Fig. 9a shows that
the PDF approximated with a 3rd-order PCE deviates significantly
from that approximated with 103> Monte Carlo simulations for
10-6 < ps < 103. This is due to the nonlinear dependence of steady-
state [A'] on the value of ps, see Fig. 4. As the uncertainty range
decreases, PCE of the same order becomes a better approxima-
tion for the actual PDF. When 102 < p5 < 103, the PDF approximated
using a 3rd-order PCE is very close to the Monte-Carlo-simulation
based approximation (Fig. 9b).

6.2.3. Stochastic stability

Section 6.1 discusses methods to rigorously analyze stochastic
stability without approximation by employing Lyapunov theory
proven to be rigorous using the Fokker-Planck equation for the
probability distribution of the states. Alternative approaches for
analysis of stochastic stability have been proposed based on the
PCE approximation of the probability distribution. For example,
[32,33] presented stability tests for linear and polynomial stochas-
tic systems that contain random variables. The tests were based
on PCEs for which the intrusive Galerkin projection method was
used to obtain deterministic dynamical system equations for the
associated coefficients, and the convergence of the coefficients was
used to define notions of stochastic stability, for which Lyapunov
methods were applied. As another example, [45] applied PCEs to
estimate short-term statistics and stability of a solution trajectory

in the presence of random parameters and initial conditions with
known probability distributions.

However, the stability analysis using PCE methods presented
by [32,33] is very limited. Most importantly, the notion of stabil-
ity was very restrictive, requiring the probability distribution of
a state solution to converge to a Dirac delta function that peaks
at the origin in some probabilistic convergence sense. However,
the main purpose of stability analysis of a stochastic dynamical
system is to determine whether there exists a stationary probabil-
ity distribution to which distribution of a state solution converges
[26,76]. This issue can be corrected by employing the three
steps:

1 compute/check the existence of equilibrium points of an
extended state-space model corresponding to an ODE for the
coefficients of the polynomial chaos expansion,

2 rewrite the ODE in terms of the deviations from the equilibrium
points, and

3 test stability of the equilibrium points by using Lyapunov analy-
sis.

Checking the existence of an equilibrium point in Step 1 should be
considered as approximate'? existence of a stationary probability
distribution in the sense of convergence in distribution, by implying
there exists a random vector with well-defined probability distri-
bution such that its moments have a convergent stationary point
for the associated stochastic differential equation.

12 PCE methods provide an approximation, not an exact solution, for the associated
stochastic differential equation.
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6.2.4. Scalable uncertainty quantification

The exact and €-approximate computation of worst-case
bounds on parameters or variables for polynomial or rational sys-
tems is NP-hard [17,16,63], which implies that it is very unlikely
that an algorithm exists that can perform such computations with
a computation time that is a polynomial function of the number
of parameters. The exact computation of probability distribution
functions for parameters or variables for polynomial or rational
systems would also be expected to be NP-hard. Since biochemical
reaction networks are often large-scale interconnected dynamical
systems, the associated sensitivity analysis and uncertainty quan-
tification can have very high computational cost as a function of
the number of parameters.

Such computational complexity results only indicate, however,
that there exist polynomial or rational systems whose robustness
analysis is computationally expensive, and do not indicate that the
robustness analysis of all polynomial or rational systems is dif-
ficult. A natural approach to development of scalable robustness
analysis is to exploit the interconnection (or reaction network)
structure and to decompose the whole system into many sev-
eral subsystems. Due to the importance of developing scalable
robustness analysis for large-scale systems, there have been some
algorithmic efforts for model decomposition that facilitate the use
of PCE by parallelizing the associated computations, for which the
underlying interconnection structure is used. [127,9,128] used a
graph theory-based method of spectral clustering for decomposi-
tion. For an indirected graph, each state variable is associated with
a node, and an edge connecting the node pair (i, j) is weighted
by the absolute sum of time average (i, j) and (j, i) elements of
the Jacobian. The eigenvalues and eigenvectors of the associated
graph Laplacian can be computed in a distributed manner [55]
and groups of distinct eigenvalues determine clusters of decom-
position [134]. Although such algorithmic approaches have been
demonstrated with some examples, the mechanism is still opaque
in the sense that the performance bounds are not obtainable and
algorithmic stability cannot guaranteed in general. Furthermore,
the aforementioned approaches are for general large-scale systems,
not restricted to biochemical reaction networks. Biochemical reac-
tion networks have some useful properties such as positivity and
boundedness of state variables. Since (at least some of) biochemi-
cal reaction networks share many similarities with Markov chains,
model reduction techniques for Markov chains can be used for
model reduction of biochemical reaction kinetics, e.g., aggregation-
based model reduction hidden Markov chains (see [3,75,133] and
references therein for details).

7. Discussion and conclusions

This article presents an overview of various approaches to model
and analyze robustness in biochemical reaction networks. Usually,
robustness analysis aims to quantify the perturbations for which a
network loses or gains some qualitative behavior. This challenge
can be addressed by prediction and estimation methods as illus-
trated in Fig. 1.

When constructing or working with mathematical models of
biochemical networks, there are not only a large amount of uncer-
tainties, but also significantly different classes of uncertainties
such as set-based, qualitative, or probabilistic uncertainties. These
uncertainties typically result from limited or expensive measure-
ment techniques, precision, and sampling frequency. Moreover, the
descriptions of the network functions or characteristics analyzed
for robustness are also inherently uncertain. Robustness analysis is
hence inevitably linked to uncertainty analysis.

Due to the different types of encountered uncertainties, the
analysis method must be chosen carefully. Moreover, it isimportant

to examine the influence of the uncertainties on the model response
and consequently to assess the validity of the analysis conclusions.
We feel that the different approaches have not been reviewed sys-
tematically so far, especially within the context of biochemical
reaction networks. Therefore, this article first defines the differ-
ent uncertainty classes and, secondly, formally states the different
robustness analysis questions of interest. Finally, recent develop-
ments for the uncertainty and robustness analysis are presented.

Besides a quantification of robustness, we expect that in the
future quantitative predictions of responses to perturbations and
uncertainty propagation will become increasingly important, for
instance, in therapy design and synthetic biology. This article
presents methods that are—from our perspective—especially suited
for robustness analysis, prediction, and estimation. For consistency,
the focus was on a particular class of methods and models that
we feel can be used to deal with the mentioned challenges. The
presentation is weighted towards set-based deterministic meth-
ods and stochastic methods based on the Fokker-Planck equation
and polynomial chaos theory, with minimal discussion of Monte
Carlo sampling methods or local analyses.

This perspective paper also touches on advances being made
in robust estimation and prediction and the design of biochemi-
cal reaction networks, also known as synthetic biology. Substantial
research is still needed in the development of practically imple-
mentable algorithms, especially for larger networks. A natural
approach to the development of scalable methods is to exploit
the interconnection (or reaction) structure and to decompose the
whole system into many several subsystems that are analyzed in
isolation, for example, see [25].
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