Automatica 67 (2016) 8-21

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect
automahca

Automatica

Switched model predictive control of switched linear systems:
Feasibility, stability and robustness”

@ CrossMark

Lixian Zhang?, Songlin Zhuang?, Richard D. Braatz®

2 Research Institute of Intelligent Control and Systems, Harbin Institute of Technology, Harbin, 150001, China
b Massachusetts Institute of Technology, Cambridge, MA 02139, USA

ARTICLE INFO

Article history:

Received 9 December 2014
Received in revised form

17 September 2015

Accepted 27 December 2015
Available online 5 February 2016

Keywords:

Mode-dependent dwell time
Model predictive control
Persistent feasibility

Stability and asymptotic stability
Switched linear systems
Switched tube

ABSTRACT

This paper is concerned with the issues of feasibility, stability and robustness on the switched model
predictive control (MPC) of a class of discrete-time switched linear systems with mode-dependent dwell
time (MDT). The concept of conventional MDT in the literature of switched systems is extended to the
stage MDT of lengths that vary with the stages of the switching. By computing the steps over which all
the reachable sets of a starting region are contained into a targeting region, the minimum admissible
MDT is offline determined so as to guarantee the persistent feasibility of MPC design. Then, conditions
stronger than the criteria for persistent feasibility are explored to ensure the asymptotic stability. A
concept of the extended controllable set is further proposed, by which the complete feasible region for
given constant MDT can be determined such that the switched MPC law can be persistently solved and
the resulting closed-loop system is asymptotically stable. The techniques developed for nominal systems
lay a foundation for the same issues on systems with bounded additive disturbance, and the switched
tube-based MPC methodology is established. A required “switched” tube in the form of mode-dependent
cross section is determined by computing a mode-dependent generalized robust positive invariant set for
each error subsystem between nominal subsystem and disturbed subsystem. The theoretical results are

testified via an illustrative example of a population ecological system.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Background and related work

Switched systems are commonly used to model multiple-mode
plants or hybrid control systems that use a family of controllers.
Switching signals can be categorized as state-dependent or time-
dependent in terms of how a switching is generated (Liberzon,
2003). Control problems that have been studied for switched
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systems with both classes of switching include stability analysis,
control synthesis, and the design of switching signals to ensure
the stability of the resulting closed-loop system, see, e.g., Branicky
(1998), De Persis, De Santis, and Morse (2003), Ferrari-Trecate,
Cuzzola, Mignone, and Morari (2002), Hespanha (2004), Liberzon
(2003) and Zhao and Hill (2008). In particular, an important subject
on properties of switching signals is to determine minimum
admissible dwell time such that the resulting switched system
is (asymptotically) stable, see, e.g., Chesi, Colaneri, Geromel,
Middleton, and Shorten (2012) and Geromel and Colaneri (2006).

The model predictive control (MPC) of switched systems is
of interest, as constraints are frequently encountered in practice.
For state-dependent switching, MPC of a class of piecewise affine
systems—which is also termed hybrid MPC in the literature—
has been extensively investigated, e.g., Borrelli, Mato Baotic,
Bemporad, and Morari (2005) and Lazar (2006). In this type of
systems, switching among different system modes occurs when
the system state hits a certain switching surface; consequently,
the mode variations during the prediction horizon are known
a priori for the MPC optimization at each step. As for time-
dependent switching, if the switching sequence consisting of both
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switching instants and switching indices is exactly prescribed,
then the results of the hybrid MPC literature can be directly used.
In many practical systems, the switching instants are unknown
a priori, such as occurs in systems that encounter faults during
their operation (Chiang, Russell, & Braatz, 2001). In this case, an
MPC algorithm would not have a priori knowledge of the mode
changes over the prediction horizon, and so there would not
be any single known predicted trajectory, even in the case of
no model uncertainties, unlike what is commonly assumed in
the hybrid MPC literature. This lack of knowledge motivates the
design of the MPC algorithm to be individually configured for
each subsystem. In this scenario, some works have considered
system stability (Colaneri & Scattolini, 2007; Franco, Sacone, &
Parisini, 2004; Gorges, Izak, & Liu, 2011) by applying the classical
multiple Lyapunov-like functions (MLFs) approach (Branicky,
1998) commonly used for switched systems.

In addition to the stability requirement, a more predominated
issue is the persistent feasibility of the MPC synthesis for the
switched systems with unknown switching instants. In Muller,
Martius, and Allgower (2012), persistent feasibility has been
explicitly addressed for a class of continuous-time switched
nonlinear systems with average dwell time (ADT) switching. Once
the MPC algorithm for each subsystem is designed, an admissible
ADT ensuring the system stability can be specified and the feasible
region estimated. Although ADT switching is flexible, as the
running time sometimes can be shorter than the required ADT,
a resulting drawback is that the feasible region will shrink, as a
state may not be steered to the feasible region of another system
mode if the running time is short. A more fundamental problem
in MPC for switched systems with unknown switching instants,
i.e., determining the admissible dwell time to guarantee both
persistent feasibility and system stability, has even not been fully
solved. In addition, for given dwell time, how to determine the
complete feasible region for the switched systems is also largely
open, even when the subsystems are linear.

Turning to the robust MPC synthesis for the switched systems
with uncertainties, the subject is more significant as uncertainties
are unavoidable in practice; but it has also almost not been
investigated unlike in the area of robust MPC of non-switched
systems (Rawlings & Mayne, 2009) or piecewise affine systems
(Lazar, 2006). Recent years have witnessed rapid progress in robust
MPC based on diverse methodologies including open-loop and
closed-loop min-max MPC (Alamo, Munoz de la Pena, Limon, &
Camacho, 2005; Limon, Alamo, Salas, & Camacho, 2006) and tube-
based MPC (Mayne, Seron, & Rakovi¢, 2005; Rakovié, Kouvaritakis,
Cannon, Panos, & Findeisen, 2011). As a method that employs
finite-dimensional optimization in robust MPC synthesis, the tube-
based MPC law presents a concise separate control policy, which
consists of a conventional MPC for the nominal systems and a
local feedback control law that steers the states of the uncertain
systems to be, for all time, within a tube centered on the nominal
trajectory. The tube can be determined allowing for the cross
sections to be constant or time-varying, computed online or offline.
In the presence of switching dynamics, however, it is challenging
to determine the tube (even with constant cross section) such
that the persistent feasibility within each subsystem and at
switching instants can be both ensured. The aforesaid two issues,
i.e., determining the admissible dwell time and feasible region for
given dwell time, for uncertain switched systems are more difficult
and so far, not addressed up to the authors’ knowledge.

1.2, Objectives and contributions

This paper investigates the switched MPC of a class of
discrete-time switched linear systems with mode-dependent
dwell time (MDT). Three key issues including feasibility, stability

and robustness will be addressed. The nominal systems are
first studied, upon which is built a basis for the scenario of
systems involved with bounded additive disturbance. The detailed
objectives are as below.

A. Nominal systems

(i) The first objective of the paper is to determine the minimum
admissible dwell time for nominal switched systems, in which the
switching is autonomous with switching times unknown a priori, in
ensuring both the system (asymptotic) stability and the persistent
feasibility of MPC design. (ii) With the problem in the first objective
being solved, the feasible region of the switched systems for given
dwell time (less than the minimum admissible ones computed in
(i)) needs to be determined. The developments of corresponding
algorithms to obtain a complete feasible region for the underlying
systems form the second objective.

B. Systems with bounded additive disturbance

The above two objectives involve much more difficulties
for practical switched systems in the presence of uncertainties.
Allowing for the bounded additive disturbance to the systems
in the paper, the specific objectives in this part are twofold
paralleling the ones for nominal systems. (i) The determination
of the minimum admissible dwell time for disturbed systems, as
the third objective, entails the computation of a “switched” tube in
order to establish the switched tube-based MPC methodology, in
addition to the techniques developed for nominal systems. (ii) The
final objective of the paper is to further the algorithms explored
for the second objective to determine a complete feasible region
of the disturbed switched systems on the basis of the solution to
the problem in the third objective.

Towards these goals, the contributions of the paper are
highlighted as follows.

(i) The stage MDT of lengths varying with the stages of the
switching is proposed. By computing the steps over which all the
reachable sets of a starting region are contained into a targeting
region, the minimum admissible MDT is offline determined so as to
guarantee the persistent feasibility of MPC design. Then, stronger
conditions are also developed to ensure asymptotic stability. (ii) A
concept of the extended controllable set (ECS) is proposed. For a
targeting region, by determining its ECS that can cover the states
at the switching instants, the obtained stage MDT can be shortened
allowing for them to be further state-dependent. The pros and
cons of non-state-dependent and state-dependent MDTs are also
presented analytically and testified via an illustrative example of
a population ecological system. (iii) Further, via the ECS approach,
the complete feasible region for given constant MDT is determined
such that the switched MPC law can be persistently solved and
the resulting closed-loop system is asymptotically stable. (iv) As
for the systems with bounded additive disturbance, the switched
tube-based MPC methodology is established to address the two
issues of determination of minimum admissible stage MDT and
the feasible region for given constant MDT. A required “switched”
tube in the form of mode-dependent cross section is determined by
computing a generalized robust positive invariant set for each error
subsystem between nominal subsystem and disturbed subsystem.

Note that compared with (Zhang & Braatz, 2013) (the confer-
ence version of the paper), the paper not only further addresses
the case of the disturbed systems, but also generalizes the MDT to
the stage ones, obtains the complete feasible region based on the
ECS proposed in this paper, and develops the criteria ensuring the
asymptotic stability.

1.3. Notation

Notation: The superscript “T” stands for matrix transpose;
R" denotes the n-dimensional Euclidean space; ||| refers to
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the Euclidean vector norm; the R, and Z, denote the sets of
non-negative real numbers integers, respectively; and Z-, and
Zjs, 5,1 denotethesets {k € Z, |k > s;}and {k € Z sy < k <55},
respectively, for some s1,s, € Z,. The spectral radius of matrix
A is denoted by p(A). A real-valued scalar function ¢ : Ry —
R, that is continuous, strictly increasing, and has «(0) = 0 is
said to be of class K. For any real A > 0 and set » C R",
the set A2 is defined as A? £ {x € R" |x = Ayfor somey € & }.
The Pontryagin difference, Minkowski sum of two arbitrary sets
P C R", P C R are denoted as 1 © P, and P; ® &,
respectively; co{} denotes the convex-hull of #. The cardinality
of set A isdenoted as card{A}. Fortwosets A £ {A{, A,, ..., Ay}
and 9 2 {01, 02, ...}, Ai i € Zop, i € Zpy . AP () stands
for the set {AF) AL AR Al S M Al
OV Ay £z}, z€Zy.

2. Nominal systems

2.1. Preliminaries and problem formulation

Consider the class of discrete-time switched linear systems:
(£25w) : Xkr1 = As Xk + Bo o Uk (1)

where x, € R™ is the state, and u, € R™ is the control input;
o (k) is a switching signal that is a piecewise constant function of
time k, continuous from the right everywhere, and takes values at
the sampling times in a finite set { = {1, ..., M}, where M > 1
is the number of subsystems. The switching is supposed to be
autonomous, and the switching sequences S £ {kq, k1, ..., k;, ...}
are unknown a priori, but are known instantly, where the switching
instant is denoted as k1, | € Zs;. When k € [ki_1, k), the
o (ki_1)th subsystem (or system mode) is said to be activated and
the length of the current running time of the subsystem is k; — k;_;.

As commonly considered in the literature of switched linear
systems (e.g., Branicky, 1998, Chesi et al., 2012, Geromel &
Colaneri, 2006, Hespanha, 2004 and Liberzon, 2003), the individual
subsystems are assumed to have the origin as the common
equilibrium. In addition, generally the switching in a discrete-time
switched system does not necessarily take place exactly at the
sampling instants. This work is based on the following assumption
in the context of discrete-time switched systems.

Assumption 1. The switching instants are assumed to exactly be
the sampling instants of system (1).

Both the system state and control input are subject to mode-
dependent constraints, i.e.,, Vo (k) = m € {,

x, € X C© Rnx, u, € U, C R™ (2)

where both X, and U,, are compact polyhedral sets that contain
the origin in their interior.

The switching signals are considered to have mode-dependent
dwell time property that is defined as below.

Definition 1. Consider system (1) and switching instants ko,
ki,..., ki, ... with kg = 0. A positive constant 7, is said to be
mode-dependent dwell time(MDT) associated with subsystem £2,,,
ifk; — ki1 > tpwheno (k) = mfork € [k_1, k), | € Z>1.

Note that the MDT in Definition 1 is constant, regardless of the
Ith switching of the switched system, | € Z-4. The concept can be
generalized to the following stage MDT that is of variable lengths,
in the sense of the Ith stage of switching (the stage begins with the
Ith switching at k;_1, and ends with the (I + 1)th switching of the
switched systems at k;).

Qn%z:tm Q,%in

7

5\2'”
T(l) T(z)

m n

A A
, %, &, &,

Fig. 1. Stage MDT %, | € Z>q, m € 4.

Definition 2. Consider system (1) and switching instants
ko, k1, ..., k;, ... with kg = 0 and the Ith switching occurring at
ki_1,1 € Z>1. A positive constant r,s,') is said to be the Ith stage
MDT associated with subsystem £2, (xx+1 = AmXx + Bmuy), if

ky— ki1 > r,g) wheno (k) = mfork e [ki_1, ki), | € Z>;.

An illustration about the stage MDT! is given in Fig. 1.

The control input uy is designed based on the current subsystem
model, allowing for the switching times to be unknown a priori.
Once a switching is detected, the model for the control design is
switched. A regular model predictive control (MPC) strategy for
each subsystem is adopted, and accordingly a mode-dependent
MPC optimization is solved at each sampling time k. More
specifically, Vo (k) = m € {, let N;; denote the prediction horizon
for subsystem $£2,,, for the given system state x,, the following
optimization problem

Nm—1

rl;l]iknjm(xlc; W) £ T (Xny, k) + Z Lin (Xi/ke» Uisk)
pary

subject to Xiy1/k = AmXi/k + Bmlik,  Xo/k = Xk,
Xik € X, Uik € Um, Vi € Zio Np—11> XNp/k € Tm (3)
is solved at time k, where x;, i = 1,..., Ny denotes the state

predicted through subsystem £2,, by applying the input sequence
W = (Uosk, Uisks - - -5 UNy—1/k), the terminal set 7, is mode-
dependent, and the cost function J,; (i, uy) consists of stage cost
Ly (Xi/k, ui/x) and terminal cost T, (Xy,, /1) that are also both mode-
dependent mappings with L,, : R™ x R™ — R, L,(0,0) = 0,
and T, : R™ — R, T,,(0) = 0.

A state x, € X, is said to be feasible for the optimization
problem (3) if

U (%) 2 {Uijk € Un | Xijk € Xins Xk € T,
Xiy1/k = AmXisk + BmUisk, Xoj = Xk,
Vie Z[O,Nm—ﬂ} # <.

Denoting the optimal sequence of controls solving the above
optimization as uy = (ug, Uy - - -5 Uy, _1/)» the MPC law is
defined as

uMPe (2m, x) 2 Ug/lc (4)

Let Xy denote the set of all of the feasible states for subsystem
2m, and Vﬁm : Xﬂm — R, denote the value function, i.e., the
infimum of the cost function, i.e., V,(,"m (%) = Jm (X, uf).

The control input at each k € [ki_1,k), | € Zsy, is
u = uM(£2,0,x), which can be obtained by solving (3)
that implicitly gives (4). Also, u; can be explicitly solved in
certain scenarios particularly if the cost function is quadratic, each
subsystem is linear, and both control and state constraints are
polyhedra (cf. Page 484 in Rawlings & Mayne, 2009).

The following definitions of the positive invariant set and
control invariant set are needed.

1 Unless specifically stated, the term MDT will be slightly abused in later
developments to serve both Definitions 1 and 2, and when necessary, the
superscript “(I)” will be used to indicate the MDT be a stage one.
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Definition 3 (Rawlings & Mayne, 2009). A set @ C X C R™ is said
to be, respectively, a positive invariant set for autonomous system
Xer1 = f(xi), % € X, ifx, € @ impliesx; € O, t € Zsg41;
control invariant set for controlled system X1 = f(xx, Ux), Xx €
X,u, € U C R™, ifx, € O implies there exists u, € U such that
Xf S (9, t S sz_'.].

Let B denote the closed unit ball in R™. The asymptotic stability
in a region of attraction for a constrained system is defined as
below.

Definition 4 (Rawlings & Mayne, 2009, Definition B.9). Suppose
X C R™ is positive invariant set for x; . ; = f (xx). The system origin
is (i) stable in X if for each ¢ > 0, there exists a § > 0 such that for
all xo € XN 6B implies that ||x|| < e forall k > 0. (ii) attractive in
X if ||xg|]| — 0as k — oo forall xy € X. (iii) asymptotically stable
with a region of attraction X if it is stable in X and attractive in X.

The objectives of this section include: (i) Determine the
admissible MDT such that the resulting switched system (1)-(4) is
asymptotically stable in the sense of Definition 4, with such MDT
concisely denoted as A-$-MDT; (ii) Given MDT, find the feasible
region (the set of all feasible states) such that (4) can be persistently
solved and the resulting switched system (1)-(4) is asymptotically
stable, likewise, the feasible region is denoted as 4$-FR.

Since one special switching is that the system stays at one
of subsystems, the above objectives require that each subsystem
2n, m € {,in closed-loop with MPC law (4) is asymptotically
stable, which is ensured by the following assumption that is
standard in the MPC literature, see, e.g., Lazar (2006), Muller et al.
(2012) and Rawlings and Mayne (2009).

Assumption 2. There exist oy € K, i = 1,2, Vo(k) =m e {
and a feedback control law K, (-) such that 77, is a control invariant
set for subsystem £2,, in closed-loop with u, = K;(x¢) and (i)
Lo, u) > ami(lxl), Vx € Xy , Yu € Up. (ii) Tn(x) <
am2(l1x1), Vx € Ty (iii) AT (x) +Lm(x Kn(x)) < 0, VX € Tn,
where ATy, (X) £ Ty (AnX + BnKin (%)) — T ().

Remark 1. Note that Assumption 2 is comparable to the typical
assumption in the area of switched systems that each subsystem in
closed-loop via a stabilizing linear state feedback is asymptotically
stable. With Assumption 2, it can be concluded from Rawlings and
Mayne (2009, see Page 119) that X,'(,'m is the region of attraction for
subsystem £2;, in closed-loop with (4) and is positively invariant,
as T, is a control invariant set for subsystem £2;,,.

2.2. Determination of AS8-MDT

This subsection first determines the admissible MDT such that
the MPC design for switched system (1)-(4) is persistently feasible
(denoted as #-MDT), the underlying system is attractive besides
the persistent feasibility (F4-MDT), and furthers the results
to A48-MDT case. The logic relation among the criteria to be
developed in this subsection and later (sub)sections can be seen
in Appendix B.

To determine the admissible 448-MDT, before ensuring the
stability and attractivity of closed-loop switched system (1)-(4),
persistent feasibility (aka recursive feasibility, cf. Page 111 in
Rawlings & Mayne, 2009) of solving the controller (4) needs to
be first guaranteed. The persistent feasibility means that the MPC
optimization is persistently feasible at all sampling times, i.e., both
within each subsystem and at switching instants. By Assumption 2,
Tm is a control invariant set for each subsystem £2,; then the
persistent feasibility within each subsystem is ensured (cf. Page
111 in Rawlings & Mayne, 2009).

To guarantee persistent feasibility at the switching instants, it
intuitively suffices that, for o (k;_1) = mand o (k) =n,Vn#m €
1, the running time of £2,,, Hp, £ kj — ki_1, | € Z>4, belongs to

Hmn 2 {H € Zy |Xn € X, Vxi, € X} (5)

However, since the feasible region X;’Vn of the next subsystem £2,
is generally not an invariant set for the current subsystem £2,,,, a
state entering x;‘,ﬂ at some sampling time may leave the set at a
later sampling time; this means that #, , may be a set consisting
of dispersed values of admissible running time.

Therefore, even if there are no extra requirements in ensuring
(asymptotic) stability, to obtain the set #,, in (5) for a state
will not offer an explicit criterion for each subsystem how long
the admissible MDT should be. To overcome such a problem, in
what follows, the positive invariance of reachable sets of a system
controlled by MPC will be utilized to determine the #-MDT.

For subsystem §2, : Xy+1 = AmXx+Bmuy, where uy is the control
input designed by the MPC law, the one-step reachable set from
X C X}l}m along subsystem £2,, is denoted as

Reach(X, 2p,) =
X =AnXo + BmuMPC(Qms XO)} (6)
and the H-step reachable set, R} (X) is defined as

[x eR"[xo € X,

R 1(X) & Reach (R (X), 2m) .
Rg (X) =

Y € Zo.p-115 )

Theorem 1. Consider system (1)-(4) with the feasible region of sub-
system §2,,, being X}Z}m, Vm € J. Suppose that Assumptions 1-2 hold,
the MPC design for system (1)-(4) is persistently feasible with admis-

sible MDT rn(f), leZs,if tn(f) satisfies

" (XR,) S [ X8, (8)
m neJ
andVo (k1) =me 4, l € Zsy, T (,(),( )satisﬁes
U] n
T(ra(kl—l)) S m XN, )
ned
0 T(l(; )’T(lzk ) (ki—1)
okj— o(Kl—1 o (Kj—1
where T(T{,(qu)) £ U,’:o Ua(klfz)el (1()k L
Yo (k1)
U (=1 : SU (=1 o (ko) o (ko)
(R (7, (ki 2))) with R (Ta(k,,z)) 2 R (1&) (DCN”(kO)),l = 2and
o
Ay, (=1) \ a oki—2) , AU, (1-2)
R Ty = Usy_per R D (RY(Ty0,0,)), | € Zs.

o(ki—2)

Proof. If Assumption 2 holds, the feasible region x,”;m is positively
invariant, which implies that RT'(Xy ) € Xy . By the geometric
condition for invariance (cf. Dorea & Hennet, 1999), ﬂT(X,'Z]m) is
also positively invariant for £2,, and so is {R,T(xﬁm), VH € Z>;.
Consider [ = 1 (the 1st stage of switching) and o (kg) = m, due to

!/%U(rél(i ) = me(l)(xﬁ ) € Nhey Xy, ((8)) and the fact that the

running time k; — ko is not less than t, ), then *Rk] ,{O(x ) C
Rm(])(x,\, ) € Xy, ¥n € 4, n # m, thatis, the system trajectory

in ﬂ?kl _k§Xn,,) will stay inside R 1)(DCN (nes Xy, until

the second switching occurs. Suppose at [ = v (the vth stage
of switching), R, < [),¢, Xy, where R, denotes the region

evolved from x;“ﬁf) after v — 1 stages according to the concrete
ok

switching sequence of the system, i.e., the system trajectory falls
into ﬂnel X,’l,n after running time k,_1 — k,_». Bear in mind that
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r;’z)kﬁ) < k, — ky_1. Then, at | = v + 1 (the (v + 1)th stage of

switching), it follows from the requirement in (9) on T;()k, e
o(k

Zs that Ry = Ry 1)(,72 ) € Myes Xf, - Therefore, the MDT

() satisfying (8) and (9) is admissible for the system in terms of
per51stent feasibility. O

l e

In Theorem 1, rm needs to be computed at each stage of
switching, thus for a switching signal with infinite switching
sequences, it is not practical to determine the admissible ¥ -
MDT based on Theorem 1. The following two corollaries avoid the
problem.

Corollary 1. Consider system (1)-(4) with the feasible region of sub-
system §2,, being xm , Ym € J. Suppose that Assumptions 1-2 hold,

the MPC design for system (1 ) ( ) is persistently feasible with admis-
(O )]

sible MDT t,ﬁ), leZsy,if tm satisﬁes(S) and oy’ =ty , | € Z>y
where r( ) satisfies
2@
U R, (ﬂ x’fvn) < () %R,- (10)
i ned ned

Proof. By Theorem 1, r,%” is admissible. For any | € Z,, r,ﬁf)

satisfying (10) will be no less than the one satisfying (9) due to
(-1

‘Ru(r o(k )2)) g ﬂnel xllzln' O

Corollary 2. Consider system (1)-(4) with the feasible region of sub-

system §2,,, being XN , Ym € J. Suppose that Assumptions 1-2 hold,

the MPC design for system (1 ) (4) is persistently feasible with admis-

sible MDT r,fP, le Zsy,if Tm = t,, where t,, satisfies

™) S () %R, (11)
ned
Proof. The proof is straightforward from Corollary 1 as (,, x;gn

gx,’Z]m,mel. O

Based on Theorem 1, Corollary 1, and Corollary 2, the
corresponding minimum admissible #-MDT can be obtained by
solving the minimization procedures

0 2 min{r "}, for ! € Z, subject to(8)-(9) (or
(8)and (10), or (11)). (12)

The algorithms for solving for T() are trivial, which can be

developed by iterations of increasing r by one in the left-hand
side of (8)-(9) (or (8) and (10), or (11)).

Note that in Theorem 1, Corollary 1, and Corollary 2, the
persistent feasibility is ensured, but the system trajectory may
not converge, i.e., the system state at the switching instants may
just stay close to the margin of (),., X} . Stronger conditions
are needed to determine the # A-MDT, 1e, the admissible MDT
such that the underlying system is attractive besides the persistent
feasibility.

Theorem 2. Consider system (1)-(4) with the feasible region of sub-
system §2,, being x;,”m, Vm € J. Suppose that Assumptions 1-2 hold,
system (1)-(4) is attractive in |J xg,n with admissible MDT

nel

W 1 € Zoy, if Y satisfies (8) and Vo (k_1) = m € 1, | €
Z3, {,(),q ) satisfies
1
T (i) S )RR (13)
ned

where T(t (i ])) is denoted in (9).

Proof. (i) Persistent feasibility. It suffices to consider the cases
when | € Zs,, as 7y satisfies (8). Since (Mnes RIL(Xy,) S
(Mnes XN, Y1 € Z», then the MDT satisfying (13) is no less than
the one satisfying (9) and thus admissible in terms of persistent

fea51b111ty (ii) Attractivity. Since ﬂnel R} 1(an) — {0}as| —
|x| — 0and V§(x,) — 0asl — oo (Note that
ﬂne s RIL1(XR,) - {0} will contradict with the fact, ensured by
Assumption 2, that each state can be steered to the origin within
each subsystem). By Assumption 2 and Lem. 2.19 in Rawlings and
Mayne (2009), Vi (Xk+1) — Vi () < —am(lIXll). Since J is a
finite set, then @ € X can be chosen independent of m such that
Vim Kier1) =V (1) < —a(llxell). Hence, Vk € [ki—1, k), %]l — 0
due to [lxll < & (VI (%)) < & (VI (xg_,)). O
A direct result extended from Theorem 2 is given as below,

paralleling the extension from Theorem 1 to Corollary 1. The proof
can be done by referring to the proof for Corollary 1 and omitted.

Corollary 3. Consider system (1)-(4) with the feasible region of sub-
system §2,,, being X’”m, Vm € J. Suppose that Assumptions 1-2 hold,

xp, with admissible MDT iy, if
, | € Z>; satisfies

system (1)-(4) is attractive in |
(1) )

ned
satisfies (8) and tp, (

2@

U R<2>

i=0 ned

(ﬂ R, (X, ) S (R (XR,)- (14)

Remark 2. The admissible 7,1 € Z>1 in Theorem 2 and
Corollary 3 is required to steer a starting region to targeting
region (,c, R (X5 ). As | — 1+ 1,1, R, (X}, ) becomes
Mhes 32,”(96,’3,”), i.e., it contracts innerly “every one step” to ensure
the convergence of system trajectory. In fact, the convergence
pace can be changed to any others that can ensure convergence,
e.g., “every two steps” or even contract innerly but sometimes
expand outerly, but contract in a whole trend.

Though the FA-MDT can be determined by Theorem 2 or
Corollary 3, it is unknown that the system stability can be ensured
in terms of Definition 4 (the system trajectory can always approach
to zero but may break through a ball with an arbitrarily-given
radius ¢). In addition, in both Theorem 2 and Corollary 3, r(l) needs
to be computed at each stage of switching. Therefore, if a switching
sequence is infinite, the infinite times of computation will make
Theorem 2 and Corollary 3 impractical for determining # A-MDT.
However, since each subsystem is linear, then if the stage cost is
quadratic and the terminal cost Ty, () is set to be the value function
of the unconstrained infinite horizon optimal quadratic control
problem (denoted as VO%C(Q,,,,X) and the associated controller
gain is denoted as Ky,), which is common in linear MPC field,
then an interesting property (cf. Chapter 2.5 in Rawlings & Mayne,
2009), i.e., UMPC(2m,x) = Kpx, VX € T where T, is a
control invariant set for subsystem Xy 1 = (Am + BmKn)Xk,
can be utilized to determine admissible & A-MDT by finite times
of computation. The stability of underlying system will be also
ensured in Theorem 3 as shown below; the resulting admissible
F A-MDT will be therefore the required +4$-MDT.

To proceed, let the set of MDT t,’'s be denoted by T £
{r1, 12, ..., Tv}, and the admissible MDT switching sequence with
set T until time k by S;(k) £ {ko,k1,...,ks,..., k — 1} (the
switching instants in S, (k) are required to satisfy Definition 1),
the definition of contractive set for the underlying switched linear
systems is needed.
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Definition 5 (Dehghan & Ong, 2012a). Consider the constrained
unforced switched linear system

X1 = AsoXks Xk €X (15)

where X is a compact polytope and p(Am) <1, Vo(k)=me {.A
set 2 C Xis said to be a [A, T]-contractive set of system (15) with

MDT 7, if Xo € §2 impliesx; € X, Vt € Z, iy and As,(k)Xo € AS2,
where the contraction factor A € (0, 1) and AS,<,<) = ]_[’:l Ao (s)-

Under a certain MDT set A, the existence of the contractive
set is ensured since each subsystem in (15) is required to
be asymptotically stable, cf, Dehghan and Ong (2012a) and
Dehghan and Ong (2013). Then, the two following criteria present
sufficient conditions to determine 44-MDT based on the property
uMPC (21, X) = KX, VX € Ty when setting Ty, (x) = VI (2, %).

Theorem 3. Consider system (1)-(4) with the feasible region of sub-
system §2,,, being X"‘m, Vm € J. Suppose that Assumptions 1-2 hold,

the stage cost is quadratic, Ty(x) = VI (24,x) and the asso-

ciated controller gain within Ty, is K. If under a MDT set A 2

. )\. .
{A1, Ay, ..., Au}, a A, Al-contractive set O exists for system
Xir1 = AsoXks Xk € ﬂ T (16)

med
where Aa(k) £ Ay + BowKsw, then system (1)-(4) is
asymptotically stable with a region of attraction | J,, X?vn under

admissible r(l) if r(l) satisfies (8), 7.',(,,1) satisfies (14), | € Zp ), and
0 _

T = Anm, | € Z>,4+1, Where v satisfies
[ Ri_(x},) € Ok (17)
ned

Proof. Suppose under A £ {Aq, Ay, ..., Ay}, the [A, A]-
contractive set @5, S (Vne; Tm S (Naey XJ, exists for system
(16). As demonstrated in Theorem 2, (., R ;(Xy ) — {0}
as | — oo, then there must exist a v € Zs, such that
My R 1(X“ ) C (9* (i) Persistent feasibility. It follows from

Theorem 1 and Corollary 3 that 7., I € Zp2,v) 1s admissible in
terms of persistent feasibility. Also, r,1(1) = Am, | € Zsy41 will be
admissible since system trajectory will remain inside (), 7m €
Mhes X;’VH. (ii) Stability. Due to T, (x) = V;’OC(Qm, X), the system
(1)-(4) reduces to (16) within (7),,c, Tm. Since (),,c, Tm contains
the origin in its interior, then there exist £; and §; such that the
following fact holds

518 C 0L S \Tn Cea18. (18)

meld

Then if a given ¢ > ¢, let § € (0, §;], then since (9@O is MDT
contractive within the constraint (), , T, it follows that [|xo || < 8
implies that x, € (), Tn € €18 C €B, which is [|x]| < €.0n
the other hand, if ¢ < &4, then there must exista N € Z>; such
that ANe; < &.Due to (18), for an > 0, we have n§;8 C n0% C
N \meg Tm S ne1B. Then, consider constraint AN (1), T, it
holds that AN©%, will be a contractive set within AN ()., Tm

under the same A, i.e., all the x, € AN ()., Tm. Let § € (0, AN 1],
it follows that ||xo|| < 8 implies thatx, € AN (e, Tm € ANe1 B C
£8B,i.e., ||xk|l < e.Insum, for each ¢ > 0, there existsa§ > 0 such
that [|xoll < 8 = x| < e. (iii) Attractivity. First, under 7", [ €
Zp1,v), the system trajectory converges to (9* at switching instant
k, by Theorem 1 and Corollary 3. After k,, with r(l) = Ap,l €
Zy+1, it follows that, for any x,, € 0L, x, = ASA(k)xku e Mok,
holds, where M is the number of sw1tch1ng after k, till k. Since
A € (0,1),thenM — ocoask — oo, whichensures ||x¢|| — 0. O

Corollary 4. Consider system (1)-(4) with the feasible region of
subsystem $2,, being Xy , VYm € . Suppose that Assump-
tions 1-2 hold, the stage cost is quadratic, Ty(x) = VI(2n, x)
and the associated controller gain within T, is Ky,. If under a MDT
set A & {Aq, Ay, ..., Ay}, a [A, A]-contractive set (9(;\O exists for
system (16), then system (1)-(4) is asymptotically stable with a re-
gion of attraction | J,, X,’\‘, under admissible MDT ©\, | € Z,if

rr(nb = Ap, Vl € Zs, and rm satlsﬁes

;’:(11>(X,"Jm) C OL. (19)

In (19), a longer r,ff) is required such that the system trajectory
can enter (DQO in one stage. The proof of Corollary 4 is similar to the
one for Theorem 3 and omitted here.

Remark 3. The determination of 44-MDT by Theorem 3 and
Corollary 4 relies on the computation of (9&. An algorithm to
determine (9@O for given A and A is given in the Appendix
(Algorithm A1) by combining the Algorithm 1in Dehghan and Ong
(2012a) and Algorithm 1 in Dehghan and Ong (2013), where it is
noted that the constrained switched system is (16). In addition, the
minimum MDT can be found to ensure the existence of ©2, for a
given A, and the minimum MDT set can be many (Dehghan & Ong,
2013). For the purpose that the system trajectory converges in the
shortest time, the minimum MDT with both the smallest || A||; and
the smallest variance of A.

The minimum F A-MDT and 4-$-MDT can be also determined
by a minimization procedure similar to (12).

2.3. Discussions on conservatism and computability, and testification

So far, the admissible #-MDT, £ A-MDT and 44$-MDT have
been obtained by using the concept of reachable sets. Two direct
questions can be raised as follows.

(i) The first question would be the conservatism of the criteria
derived above, since it can be seen that r , | € Z>4, is computed
despite where the state at switching instant Xy,_, is. For instance,

if xi,_, is close to (7),, X}, , it will be probably conservative for

the currently active subsystem to dwell for rn(f) to ensure persistent
feasibility. One can even argue that in the framework of MPC design
(if state-feedback), the state is measurable, then it can be online
checked if x, € [, Xy, - If yes, the switching can occur, then it
seems that the determination of admissible #-MDT, # A-MDT and
48-MDT are not needed and k — k;_; in such cases should be the
shortest required stage MDT.

To answer this question, attention shall be first turned to the
determination of admissible state-dependent MDT (denoted as
r,ff) (Xk,_,) cf. the state-dependent dwell time concept defined in
De Persis et al., 2003), where the “state” is meant to the state at a
switching instant. To this end, a concept of extended controllable
set (ECS) for a system controlled by MPC is needed, for which the
definition of controllable sets is first given as follows.

Similar to (6) and (7), for subsystem £2,, : Xgr1 = AmXx +
B ug, where uy is the control input designed by the MPC law, the
one-step controllable set from X € X along subsystem $2y, is
denoted as
Pre(X, 2m) 2 {x € XY | Anx + Byt (2, %) € X} (20)

and the H-step controllable set, #]'(X) is defined as

P)1(X) £ Pre (?m(x) 2m), V€ Lpn-1,

21
P(X) = X (21)
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Table 1
IT in (23) for determining state-dependent MDT.

T (F-MDT)

Th 1 X, N AR (). 1= 1

eorem A~ _ ~

Ry )N CR(RY (TP, 1€ Zog, 75t (9)
X, N Cgi( X, [=1

Corollary 1 oo 8 Ined BN n
(ﬂnel Xy,) 0 Gg+(ﬂnel Xy,): | € Z

Corollary 2 Xy N Co (Mg Xy, | € Zs
T (F A-MDT)
X N (RY (T, 1=1

Thm.2 RV ynem RV, 1 e oy, tVst (13)

o(ki—2) gt m /s =25 by Seb
Corollary 3 X O;’L (mnsl R (X)), =1
v )., R ) Nem (), R (), 1€ 2o
neq © 1= n g neg © I=1VNn /02 =

T (A$-MDT)
xn N egg(ﬂm R (X ). =1

Theorem 3 mnel R, (XK, N O;L(mnd RIL(X5,))s 1€ Zpgy
ATlekn e APOL), 1€ Zoyi
xXm Nnem(or),l=1

Corollary 4 Ny 1 Cg4(0cc)

A2ek N e;(x’*’(o;), leZs,

Then by (20) and (21), for a given H and a set X C xmm, let

GACOEN

tEZ[H.H,SnuD]

PI(%) (22)

denote the extended controllable set (ECS) from which the system
state can be steered to X in H steps and will not leave X any more,
where Hy” 2 max {H, min {t € Z |R"(X} ) € % }}.

Based on the definition of C’ZL (X), the state-dependent F -
MDT, £ A-MDT and 44-MDT can be determined as

W (x_,) 2 min{g € Zy |x,_, € IT} (23)

where [T is denoted in Table 1 for different criteria obtained
above.

The state-dependent MDT indicates how long it will take for
the state x,,_, at switching instants to ensure the feasibility,
attractivity and asymptotic stability. It can be seen from (23)
that state-dependent ¥ -MDT requires online judgement for the
states at switching instants and offline computation of ECSs of
either RV(z\) or (Nnes Xy, as a targeting region. For state-
dependent F A-MDT or 44-MDT, the targeting region should
be a set contracting at each stage of switching. An additional
online record on switching stages is therefore also required. These
requirements will cause additional operation burden and may not
be desirable for some practical applications with shorter sampling
interval. Besides, even though the conservatism of non-state-
dependent MDT are reduced, i.e., the required dwell time for each
stage of switching can be shorter, the resulting system behavior
may be accordingly deteriorated, such as oscillations of the state
response.

The shortcomings of online judgements in the determination
of state-dependent MDT will also exist in the case that the
switching occurs immediately after judging that x;, belongs to the
intersection of X,"Vn (or a tighter one for convergence) as described
in the question.

(ii) The second question could be the testability of the explored
criteria, since all the conditions are based on the computability of
either the reachable sets of feasible region or the ECSs of inner sets
of feasible region.

The admissible MDT determined above, either stage or constant,
either non-state-dependent or state-dependent, are theoretically
applicable to switched systems that can be with high state dimen-
sions, non-polytopic constraints on control input and system state.
The testification of such conditions can be prohibitively difficult in
general. However, for those systems for which the explicit MPC can
be employed (explicit affine control laws are offline determined
within their respective critical regions partitioning the feasible re-
gion, cf. Borrelli, Baotic, Pekar, & Stewart, 2010), the testification
can be relatively tractable. The computation of reachable sets or
ECSs in these conditions will involve manipulations on these criti-
cal regions including the intersection and union among them, and
certain sets addition and multiplication.

The theoretical results in Section 2.2, together with the above
discussions, are demonstrated in the following illustrative example
of a population ecological system.

Example 1. Consider an ecological system consisting of two types
of population P; and P,, and suppose the situated environment be
subject to autonomous switching between two scenarios E; and
E,. Let the number of individuals in population P; be denoted by
N;, i = 1, 2. The basic mathematical principle of growth of N; is the
logistic equation described by (cf. Vandermeer & Goldberg, 2003)

Ni = d”N;(1 — Ni/K) (24)

f”) is the maximum per-capita rate of change of P;, and

Ki(“) is the carrying capacity of the population in environment ]E."‘
o = 1, 2. Namely, the rate of change in the population P; (i.e., N;)
is equal to growth af")N,- that is limited by carrying capacity (1 —
N; /Kf“)). Assume Ki(” be approximately proportional to N; within
[Mfa), Mi(“)], the range of N; in E,, i.e., Ki(“) = (1/,01(”))N,-. Then
include the mutual influence between P; and P,, and the effect of

immigration and emigration (denoted by I, ; and E; ;, respectively)
on N; (Turchin, 2001), the Eq. (24) is extended here as, Vi # j

where a

Ni = ¢ Ni(1 = p{7) + b Ny + ¢ (g — Eg.1) (25)

where bg’) is a transfer coefficient modeling the mutual influence
of N; and N,, and ci(“) the effect of immigration and emigration
on N; in different E,. Set the quaternary (a,-(“), ,oi("), b,fj"), cl-(”)) as
0.2,2,-1,0), i = 1,0 = 1, (03,2, 1,1), i = 2,0 =
1, (0.4,0.5,0.5,0), i = 1,0 = 2,and (0.4,0.5,0,0.5), i =
2,0 = 2, and it is supposed that I'Mgl), M(l1)] = [2000, 6000],

MY, My"] = [1000, 50001, [M®, M] = [2400, 5600] and
N;]"denote the

M, My'] = [1400,4600]. Let x = [N
system states, and regard the difference between immigration and
emigration of P, as control input to system, i.e., u = Iy , — E; », the
discrete-time state-space expression for the model can be obtained
as(1)withB; =[0 1]7,B, =[0 0.5]T and

08 -1 1.2 0.5
Ar= [ 1 0.7}’ A = [ 0 1.2]
by the first-order Euler approximation with the sampling period

Ts = 1 (time unit). Suppose the control constraint be U, =
{ueR'|-400 <u <400}, m=1,2.

The purpose of the example is to design a switched MPC to
regulate N; and N, to the equilibrium (4000, 3000) against the
autonomous variation of E,. The demanded minimum admissible
MDT will be determined as well. Note that if the practical MDTs are
less than the ones solved, the feasible region will shrink and the
corresponding derivations and testification will be given in next
subsection.
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Fig. 2. Amount of two individuals versus time in the population ecological system with different MDT switching, where the MDT (computed by different criteria) needed

for the switching signals in the subfigures are shown in Table 2.

Table 2
Minimum admissible MDT determined by different criteria.
Criteria F-MDT
Corollary 1 R 4, 3(2]) =9; 1(]1) = 3,3&1) =8, Vi>2
Corollary 2 ,=41,=9
Criteria AS8-MDT
Z(U 4, Z;U — 9;5(2) 3 .L.(Z) -8
(3) (3) (4) (4)
7., =3,7, =8; = =8
Theorem 3 =l 12 =l
D =210=7:9=31 “” =6
L3, =1 =2 r;“—l vi=8
Corollary 4 =8 =112V =2,z =1,1>2

For both subsystems, consider the quadratic stage and terminal
cost functions Ly (x, u) 2 x"Qumx + u'Rpu, Tm(x) 2 x'Pnx with
weights Qn, Ry, and prediction horizon Q; = 10I, Q; = 5I, R, =
1, N, = 5, m = 1, 2. The terminal weight matrices P, and
the feedback control laws K (x) 2 K:®x, Vx € 7, are obtained
for each subsystem as described in Rawlings and Mayne (2009,
Chapter 2.5) such that Assumption 2 holds. The terminal set 7, is
considered to be the maximal constraint admissible set for each
subsystem in closed-loop with u, = K:®x,

Since the admissible MDT satisfying either Theorem 1, Theo-
rem 2, or Corollary 3 needs to be computed for an infinite num-
ber of stages of switching, the verification here only considers the
other four criteria that are more practical. The computation of the
feasible region X,’Z}m of each subsystem £2,,,, reachable or control-
lable sets, and ECSs are based on MPT (Kvasnica, Grieder, & Baotic,
2006).

Table 2 lists the computation data of £-MDT by Corollaries 1
and 2 and 44-MDT by Theorem 3 and Corollary 4. respectively,
where the minimum MDT such that (9§o exists for system (16)
in Theorem 3 and Corollary 4 can be found as A; = 2 and
A; = 1 based on Algorithm Al for A = 0.9. The solved
F-MDT or 44-MDT for each subsystem (independent of the
system state, but dependent on the stage of switching) only need
finite times of computation. Further, given initial condition xg =
[4000 3700],the state-dependent #-MDT and 44$-MDT can be
obtained by (23). By considering the running time equivalent to
dwell time at each stage of switching, the resulting switching
signals and the corresponding state response in different cases
are given in Fig. 2. In Fig. 2(a), the system behaves very well
(comparable to Fig. 2(c)), which actually results from the fact that
all the used #-MDT are no less than the required A4$-MDT, see
Table 2. It can be also observed from Table 2 and Fig. 2 that the
state-dependent #-MDT or 44-MDT reduces the conservatism
(make the admissible MDT shorter), but they lead to a greater
oscillation of the state response. In addition, the oscillation in
Fig. 2(b) is more serious than the one in Fig. 2(d), which shows

that the state-dependent #-MDT does not necessarily lead to a
convergence of the system trajectory.

2.4. Determination of A8-FR

In this subsection, for a given constant MDT set 78" 2
{(z%, 8", ..., 15"}, the feasible region in which the MPC design
for system (1) (4) is persistently feasible, i.e., the F-FR is first
determined, then the results are further extended to 44$-FR (in
which the underlying system is asymptotically stable for 7&").

Since for the case 78" > ', Vm e 4, where t" can be
obtained from Section 2.2 (e.g., by (8) and (12)), the feasible region
of the switched system can be directly obtained as (., Xy -
Therefore, in what follows, attention is only placed on a given MDT

that satisfies 78" < (.

Proposition 1. Consider system (1)-(4) with feasible region of
subsystem 2, being X , Vm € 4, and MDT z3" being given,
Vm € J. Suppose that Assumptions 1-2 hold and there exists a set
of Wy, € Z4, m € {4 such that

Ry oo XN S () Ry, (XR,).

ned

(26)

Then the MPC design for system (1)-(4) is persistently feasible
within the feasible region Fupr{z'} = Upe, Fuibr (5"} with
Fupritn ) = Ry, o (CN,)-

Proof. Suppose that the current subsystemis £2,,, (o (k) = m, l €
Z.). By Assumption 2, the positive invariance of reachable sets
of Xy implies that Ry (Xy ) S X fora W, € Z,.From
(26), Vned, n # m, ﬁ%m‘FkH—l_kl (“X:xm) - ﬁm gw(me) c
JR”WH(XQ”) C Xy, holds, which means that the sw1tch1ng after
8" is admissible for all of the states within the region Ry (X ).
Therefore, in terms of persistent feasibility, the whole feasible
region for the switched system (1)-(4) will be Fypr{r®"} =
Umel ‘R\T\/m (‘x;\lnm) O

If the running time is exactly the given 8" then the maximal
feasible region Fypr{r®"} based on Proposition 1 can be obtained
by solving the minimization procedure
Wy £ min Wp,

for W, € Z., subjectto (26). (27)

As the running time is generally greater than t,,, the corresponding
feasible region will contain Fypr{7%"}. Unlike (12), both the left-
hand side and right-hand side in (26) contain the optimizer. An
algorithm is then needed as below to find W}, by increasing Wy,
by one.
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(a) By Algorithm 1.
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(b) By Algorithms 1 and 2.

Fig. 3. #-FR for given MDT.

Table 3
Different pairs of (W}, Wy) for given different 7; and t,.
7, <4 =5 7,=6 =7 7,=28
=1 (== (= =) (5,4) (4,3) (4,2)
=2 (=) (5,5) 4,4 (3,3) 2,1
=3 (=) (4,5) 2,3) 2,2) (1, 1)

Algorithm 1. Determination of -FR based on Proposition 1 (Input: t2",
', X0, Vm € 1)

(i) Initialization: Compute the minimum admissible MDT z{’ (can be obtained

by (8) and (12)), and set W, = f”}) — 72" for each m.

(ii) Compute Ry, (XN ), zﬂu . (XY ), and permutate the judgement

m YN L m

conditions given by (26) (m conditions).

(iii) Check if (26) holds for each m. If yes, exit and output Fypr{r8%} =

Unmes R, (XR)- Otherwise, among the remaining 2™ — 1 cases (mutually

exclusive), pick the matched case out and denote 4y £ {m € 1|$$ el
m+Tm

(XN,) € Maes Ry, (X§,)} in the case. Set W;, = Wy, +1foreachm € Jy, and

goto Step (ii).

Example 2. Consider Example 1 for given constant MDT, and with
different constraints on control input as U; = {u € ]R1| — 340 <
u < 340}, U, = {u € R'| — 600 < u < 600}. Other parameters
used for the switched MPC design are the same as in Example 1.

Based on Corollary 1, the minimum admissible #-MDT can be
solved as 1?) = 4, gg) =9, and 1(1') = 3, ;;“ = 8,1 € Zsy.
Then for given different MDT 75" < 3, 75" < 8, by Algorithm 1,
the different pairs of W}, W can be obtained by (27) as shown
in Table 3, where “—" indicates that W, does not have a feasible
solution (i.e., the algorithm is not convergent in the cases). Fig. 3(a)
shows the feasible region Fypr{ty = 3,15 =8}.

In Fig. 3(a), since 78" = 3 = ¥ and " = 8 = ¥, the whole
(Nnz1.2(Xy, ) should be  -FR. However, it can be seen that some of
ﬂn:l,z(xlr\l:,.) does not belong to #-FR computed by Algorithm 1.
The contradiction means that it is actually incomplete to determine
F -FR only using Algorithm 1 developed by Proposition 1.

By the definition of @I’_’;+ (X) in (22), the following theorem
presents a criterion for development of an algorithm capable of
determining a complete ¥ -FR.

Lemma 1. Consider system (1)-(4) with feasible region of subsystem
Qn being XJ , Vm € 4, and the MDT <" being given,

Vm € 1. Suppose F (&'} is a F-FR of subsystem 2, so is

(e Fir (7 D.

Proof. Toshoway;,, C x,’(}m isa #-FR for subsystem £2,, for given
MDT 73", it suffices to show that R{" (W) S (ey Y. Vt € Z__aiv
ZTm

med

(within (1), ¥m. the stability is ensured as shown in part (ii) of
the proof for Theorem 1). By definition of ¢}, (X), it follows that,
Vt € Z>Tgiv

R (C’Zﬂvﬁ (m ‘?A'/InDT{Tr%W})) - ﬂ Fuprita }

med med

m m giv
< (e, ()tee)
med med
ie., @Zmﬁ(ﬂmel Fn {t8"}) is F-FR of system (1)-(4). The 2nd
‘C’ of (28) holds due to F {5"} C Cle My Fin {78,
which holds because ;% {z5"} is a F-FR for given 75", i.., ¥t €
szﬂv' RT(‘?I\ZI"DT{T'%V}) S Mies fiz\;lnm{fgv}- O

Then, based on Lemma 1, by iterating the starting #-FR in
(), the algorithm to determine the complete #-FR is as

(28)

Gm

@i+
follows:

Algorithm 2. Determination of a complete % -FR (Input: rff”, %, » an initial
F-FRW,,,Vm € {)

(i) Initialization: Set k = 1 and Fm {t5"} = Wi

(i) Set k = k + 1. Update Fys (8"}, vin € & by F {8} = em

G0
L (k—1 iv
(Mines Fupr Az D
(k i o, (k—1 iv . iv
(iii) If Fe {28} = F®D (8, exit and output Fypr{tS"} = U,

Fm W (i) else goto Step (ii).

Example 3. Consider Example 2 with 78" = {3, 8}.

Set the initial F-FR ¥, to be that yielded by Algorithm 1. By
Algorithm 2, the complete #-FR can be obtained as shown in
Fig. 3(b).

Remark 4. Algorithm 2 is convergent as the set sequence {[)

mej
Fip\9 (28"}, k € 7.} is non-contractive and bounded above from

ﬂnel X;‘,n, but it lies on the existence of the initial #-FR ¥, that
can be determined by Algorithm 1. However, as demonstrated in
Example 2, for some small 75, Algorithm 1 may not be convergent
(eg, 13" = 13" = 3), due to both iterations of increasing Wy,
and W, by one simultaneously in (26), and accordingly cannot
give an initial #-FR ¥, to Algorithm 2. Note that such a case
cannot yet conclude that the #-FR of system (1)-(4) does not
exist. Specifically, since in Example 2 a [0.9, {t; = 2,7, = 1}]-
contractive set (9(’)\0 can be found for system (16), then at least the
O is a F-FR (actually a 438-FR). Therefore, for 75’ > Ap, the
initial #-FR ¥, can be changed to ©%, as a start if using quadratic
stage cost and setting Ty (x) = VI (2, x) for the system. The
setup can give rise to the determination of 44$-FR as proposed
below.
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Proposition 2. Consider system (1)-(4) with the feasible region of

subsystem 2, being X , Vm € i and MDT 8" being given.
Suppose that Assumptlons 1-2 hold, the stage cost is quadratic,

Tnx) = VOUOC(.Q”,,X) and the associated controller gain within
Tm is Kp. If under a MDT set A 2 {Aq, Ay, ..., Ay} with

8" > A, a[r, Al-contractive set O exists for system (16), then

system (1)-(4) is asymptotically stable within a A$-FR that is formed
by Fupr{t8"} outputted from Algorithm 2 in which ¥, = (9&.

By referring to Theorem 3, the proof of Proposition 2 is rather
straightforward since Fypr{t¢"} contracts to @ under MDT 75",
which is implied by Algorithm 2. In addition, by definition of ECSs
n (22), it can be concluded that Fuor{r®} will be enlarged if
increasing 7. Setting ¥;,, = @, in Algorithm 2, The verifications
can be readily obtained and omitted here.

3. The case of systems with bounded disturbance

This section aims to establish switched tube-based MPC
methodology. More specifically, when the system is involved with
disturbance, a switched tube (its cross section is of different size for
different subsystem) will be determined, by which the two issues
of determining admissible MDT and admissible feasible region for
given MDT can be coped with. Consider system (1) with additive
disturbance as

(Do) * X1 = Ag Xk + Bo (i Ui + Wi (29)

where wy € W C R™; W is a compact polyhedral set containing
the origin in its interior. The system state and control constraints in
(2) are rewritten as X, and Uy, respectively. The initial state Xy =

Xo is considered. For system (29), the tube-based MPC strategy
(Mayne et al., 2005) is adopted with

U = U + K g (R — X1) (30)

where K is a controller gain such that Am = An~+Bn Ky, Yo(k) =

m € J satisfies p(/_\m) < 1, and uy is the control mput to nominal
system (1). The error system between (1) and (29) satisfies

(o) : ekt1 = Ayl + Wi (31)

where e, £ X, —xy. Suppose a robust positive invariant (RPI) set? E,,
exists for each subsystem &, so that u; can be obtained by solving
the regular MPC optimization procedure (3) with the constraints
tightly updated by

Xpm =X OEn,  Up=Upn©K“En. (32)

The feasible region of system (29) X,’Z}m will shrink compared to the
nominal one without the disturbance.

In tube-based MPC design for non-switched systems (Mayne
etal., 2005), the E, is adopted as the minimum RPI set as S, (c0) £
> Al W. Due to the switching dynamics, however, Sy (c0) is
not competent any more since generally S;;,(c0) is not the robust
invariant set for subsystem =,, Vn € {,n # m. In this paper,
a generalized RPI set for each &), is used, which requires the
concepts of the MDT RPI set and the reachable set for switched
system (31) as below.

Definition 6 (Dehghan & Ong, 2012b). Aset ® () C R"issaid to be
aMDT RPI set for system (31) with MDT set p 2 {n1, 02, ..., nm},if
eo € ©(n) implies e, € O () for every admissible switching S, (k)
and forw; e W, t € Zy k—13.

2 Aseto C X C R™ is said to be a robust positive invariant (RPI) set for
autonomous system X1 = f (X, wi), Xk € X, wy € Wifx, € © impliesx, € O for
any w; € W, t € Zsyq1.

Remark 5. An algorithm (Algorithm A2 in the Appendix) to
determine the MDT RPI set ©(y) for a switched linear system
can be developed by extending Algorithm 1 in Dehghan and Ong
(2012b) to the context of MDT switching (Dehghan & Ong, 2013).
It can be concluded from both (Dehghan & Ong, 2012b, 2013) that
the minimum MDT such that © () exists for system (31) are those
such that system (31) is asymptotically stable. Such minimum MDT
can be many, among which this paper considers the minimality in
the sense that the MDT are with both the smallest ||5||; and the
smallest variance of 5, similar to Remark 3.

Let one-step reachable set of X along subsystem =, LR ()
be denoted as LRT(X) £ {Apx+w : x € X, w € W} = A, XDW,
the H-step reachable set LR]j(X) is defined as £<R;7+1(x) 2
LR (LRY(X)),y € Zu-1, where LRF(X) £ X. Thus
LRM(X) =AlX QAT WD - A, WD W.

Since the MDT RPIset ®(p)is characterized with LR (O () €
©(m),Vs € Zs,, (cf. Dehghan and Ong (2012b) for more details),
the generalized RPI set E,;, used in tube-based MPC for each =, is
defined as

En 2 co{LRT _ (O(), LRI _,(OM)), ..., O} (33)

from which it holds that, for any e, € ©(y) C Ey, e € Epy, t €
L>g+1-

Let the distance of vector x to set E, x € R", E C R", be denoted
by lIxll £ infyeg Ix — yll. The following definition is needed by
extending the origin in Definition 4 to a positive invariant set, cf.,

Rawlings and Mayne (2009).

Definition 7. Consider system (29)-(30), (32)-(33), (3)-(4) with
each the feasible region of subsystem &, being X,’S’m, a RPI set
E C R"is said to be asymptotically stable in (., Xy , if E is
stable, ie, Vk € Z, |%|, < «(|%|,), where @ € X and
attractive, i.e., ||X[, = 0ask — oo, in J,c, X .

The objectives of this section include: (i) Determine the
admissible MDT such that the uncertain closed-loop switched
system (29)-(30), (32)-(33), (3)-(4) is asymptotically stable in the
sense of Definition 7. Such MDT are denoted concisely as RA4$-
MDT; (ii) Given MDT, find the feasible region such that (4) can be
persistently solved and the underlying uncertain switched system
is asymptotically stable, denoted as R AS$-FR.

Also, this subsection first determines the admissible MDT
such that the MPC design for the uncertain switched system is
persistently feasible (denoted as R¥F-MDT), and the underlying
uncertain system is attractive besides the persistent feasibility
(RF A-MDT).Letn £ {n1,m2,...,nu}and EY 2 (J, _, Em.

Proposition 3. Consider systems (1) and (29). Suppose that Assump-
tions 1-2 hold, a MDT RPI set ®(n) exists for error system (31).
Then, Ym € J, if tn, € Z, satisfies (11) in which Xﬁm is
determined by (3), (32) and (33), then the MPC design for sys-
tem (29)-(30), (32)-(33), (3)-(4) is persistently feasible with admis-
sible MDT 6,, £ max(tp, m)-

Proof. By Assumption 2, within each subsystem &,,, the persistent
feasibility holds due to the fact Xﬂm ® En C Xy According to
Corollary 2, 6, > 1, ensuring (11) is admissible for the switching
of the nominal system. As n,,, guarantees the existence of @ () that
belongs to (), E. owing to (33), it is also ensured that for any
ey, € OM) C En, ey € O(n) C Eyholds, | € Z>1,Vm x n €
J x d, m # n,aslong as k; — k_; > 6, > . Therefore, since
ey, = Xo — Xo = 0 € ©(n), the persistent feasibility remains at all
k],l (S] Z+. ]
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Note that the obtained 6,, is not necessarily minimal although it
is admissible. An algorithm to determine the minimum R ¥ -MDT
can be developed as follows.

Algorithm 3. Determination of R -MDT based on Proposition 3 (Input:
iy Am, ¥ € 4, W)

(i) Define ngy = {pH* DI} with ngy.r = (M1.60.r T2.iours - - » M Gor}
denoting the r'* element of 7, and define Uy := Zp,cardingy - Setk = 1,1 =
1, and ng,r = n. Compute O (1)) based on Algorithm A2 and E,‘,f), by
(33),Vm € J.

(ii) Update the constraints X, = X, © Ef,ﬁ)r and the feasible region Xﬁm
by solving (3), and compute the 7, based on (11) and (12); set €pm k)., =
max (T, Nm,k),r), YM € 4.
(iii) If nmur = (
MiNiez(, j,vet; Om, @, AN N = N ),0|(, V) = arg(Miniez,  veu; Om, o))
Vm € J; else checkifr = 1,setk = k+ 1,r = card{ng}; elsesetr =r — 1.
Update ® (1),r) and E,(n’f),, Vm € J and goto step (ii).

MiNiez;, 4y vev; Om,),0» then exit and output 6, =

Though Proposition 3 and Algorithm 3 are proposed not
allowing for the MDT to be a stage one, the obtained MDT can
be considered as 9,511) which is same in all the criteria given in
Section 2.2 (except Corollary 4). Meanwhile, the feasible region
x,”;m is therefore fixed, upon which the stage RF-MDT, RF A-

MDT and RAS-MDT 9,5?, I € Zs; can be derived while using
different criteria in Section 2.2. The following proposition presents
a case for RF A-MDT.

Proposition 4. Consider systems (1) and (29). Suppose that Assump-
tions 1-2 hold, the MDT RPI set ® (n) for error system (31) be deter-
mined by the n,, outputted from Algorithm 3 . If «9,1(11) is determined
by Algorithm 3 and r,ﬂ) € Z4, | € Zs, satisfies (13), in which
x,";m is determined by (3) and (32)-(33), then set EV is attractive in
Umes Xﬁm,for system (29)—(30), (32)-(33), (3)-(4) with admissible

MDT 6 2 max(t, nm), | € Z,.

The proof of Proposition 4 can be done by combining the proofs
for Proposition 3 and Theorem 2 (note that | ,, 2 d(X, EY) =
d(xe + e, EY) < dx + e, e) = [Ixcl, thus [% [, — 0if
llxk|l — 0). Replacing (13) by (9), (10) and (14) can give different
corollaries for determination of RF -MDT or RF 4-MDT similar
to the counterpart in Section 2.2. Likewise, the RA$8-MDT can be
determined as follows.

Theorem 4. Consider systems (1) and (29). Suppose that Assump-
tions 1-2 hold, the MDT RPI set ®(n) for error system (31) be de-
termined by the n, outputted from Algorithm 3 , the stage cost
is quadratic, T, (x) = Vé{f (£2m, x), the associated controller gain
within 7, be K, and a [X, A]-contractive set (9(}o exists for sys-
tem (16), where A 2 {Aq, Ay, ..., Ay} If 9,511) is determined by

O e Zy, 1 € Zp,y satisfies (17) in which

Algorithm 3 and 1, 1
x,";m is determined by (3) and (32)-(33), then set E 2 EY x
xﬁm, for the composite sys-

{0} is asymptotically stable in |,
tem (1), (29)=(30), (32)=(33), (3)-(4) with admissible MDT 6\ =
max(zy, Nm), | € Zpy and 63 = max(pm, An), | € Zoyin,
where v satisfies (17).

Proof. Both persistent feasibility and attractivity can be proved
by combining the proofs for Proposition 3, Theorems 2 and 3. The
same line of the proof for Proposition 3.15 in Rawlings and Mayne
(2009) is used here to demonstrate the stability of the compos-
ite switched system. With the requirement on 9,5?, by Theorem 3,
the nominal switched system is stable, ie., [x < o (|xc]).
where « € XK. Since X, = x; + e, where ¢, € EY =
Unmey Em. it holds that ||X]l,u = dx + e, EY) < d(x +

ever) = lxll < o(|x]) Denote |Gi,x0)| 2 [%] +
llx|l, it follows that the extended state (X, x;) of the compos-
ite system satisfies || (X, ) |; = infyepo |Riox) — 3. 0)| =
infiepu |G — 7. %0 | = infiepo R — 3| + Ixdl = %] 0 +
Il = 2e () = 20 (R + ]
=20 (|| (Reg» Xk | E)' which means that set E is stable for the com-
posite system in the sense of Definition 7. O

A similar extension from Theorem 3 to Corollary 4 is also
applicable to Theorem 4 to realize entering ©7, within one stage,
ie, R" (xﬁm) - (920; the corresponding corollary is omitted.

Tm

Moreover, the state-dependent RF-MDT, RF A-MDT and

RAS-MDT can be further determined as 0,511)(xk0) = 1,(7})(&(0)

) ) I
and 6 (x,_,) = max(zW Xi_,), Tm), | € Zs,, where (0 (xi, )

is determined in (23). Note that Qr(n])(xko) can be less than 7y,
(outputted from Algorithm 3), since Vt € Zpy .1, € € Sm(m) =
AW S O(n) S En duetoeg = 0.

Remark 6. Compared with the existing tube-based MPC method-
ology for non-switched systems, it can be seen that the generalized
RPI set E,; can be regarded as a mode-dependent cross section of a
“switched” tube within @,,, and the cross section of this switched
tube at switching instants reduces to © ().

Remark 7. In the above results, the feasible region is fixed at the
first stage of switching while minimizing 9#11) by Algorithm 3 such
that 9#1'), I € Zs; can be further determined. Note that further
increasing 1, corresponding to the minimum of 9,;1) with 54
likely decrease Qr(nz) and so on, based on the idea of Algorithm 3.
However, such a way may not ensure the persistent feasibility,
ie,forae, , € ©(n) < Ey (derived from 7), it is possible that
e, ¢ ©@**) which may give rise to e, ¢ E, (derived from
), k € [ki_q, kil, | € Z=1, Vm x n € 4 x 4, m # n, even though
ki— ki > 60 > b7, cause that ey, + xy, € X, fails at ;.

Example 4. Consider the system in Example 2 with bounded
additive disturbance. The original model (25) becomes N; =

af”)Ni(l — pf“)) +b§j°>Nj +ci(")(lg,,4 —Eg ) +w.Suppose |w|, = 1.

The purpose of this example is to illustrate the switched
tube-based MPC methodology proposed above via Theorem 4.
Other criteria to determine R44$-MDT and their state-dependent
versions can be shown in a similar vein.

Let KY = K% based on Algorithm A2, the MDT set such that
©® () exists can be solved as » = {2, 1}. Then by Algorithm 3, the
minimum of 65 is obtained as 91(1) = 4, OZ(D = 8; meanwhile,
three different MDT sets of » corresponding to the minimum of
9,(,,1) are outputted, {2, 1}, {2, 2}, {2, 3}, respectively. Consider the
minimality of admissible MDT, the set n = {2, 1} is continuously
used to fix the feasible region x,”;m (updated by (3), (32) and (33)),

such that the R AS$-MDT 9,(,,1), I > 2 can be computed by Theorem 4.
Note that (93O in Theorem 4 is also updated since 77, (the maximal
constraint admissible set for each subsystem in closed-loop with
uy = K!%®x,) is updated, and the minimum MDT set A such that
O}, exists can be found as A = {2, 1} by Algorithm A1.

Consider initial condition xj = [4400 3500], and the running
time being equivalent to dwell time at each stage of switching,
Fig. 4 shows the state trajectory of the nominal system and tube
evolution from E; = co{eﬁﬂ?}(@ (7)), ©®(n)} at the first stage of
switching to E; = co{®(n)} = ©(y) at the second stage. The
later evolutions are omitted for clarity of illustration. Generating
disturbance with ||wl||,, = 1 randomly until k = 104, Case |
in Fig. 5 shows the position of the practical states at switching
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Fig. 4. State trajectory of the nominal system and tube evolution from E; to E,
under RAS-MDT.
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Fig.5. The projection of state trajectories into a same coordinate where the origin is
the center of E; and E», for given random disturbance with different bounds. “SW1”
and “ST1” (or “SW2” and “ST2"”) stand for the state of subsystem 1 (or subsystem 2)
at switching instants and during the stage of switching, respectively.

instants and within the stage of switching, being projected into a
same coordinate where the origin is the center of the two tubes.
Further, consider random disturbance with disturbance bounds
lwll« = 2,5 and 10, respectively, the corresponding cases are
also shown in Fig. 5. Clearly, for three cases of [|w| o, = 1, |wlo =
2,and ||wl|l = 5, the system states at switching instants can be
kept within @ () and the states during the stage of switching are
inside E; or E; as well, showing that the computed RAS-MDT is
admissible and the design of switched tube-based MPC is valid.
Nevertheless, it can be seen from both Cases Il and IIl that the states
are also inside the tube even for a larger bound on the disturbance
than the prescribed bound, which indicates the conservatism of the
adopted tube due to switching dynamics.

Finally, the R # -FR can be further obtained by determining the
F -FR for the nominal system for given MDT 75". One additional
issue is that xﬁ varies with different E,, which is linked to
©® (1) when 5 varies. Therefore, to obtain a complete RF -FR, it is
necessary to check if a #-FR exists at each step of decreasing 73"
with (78")[=11() till the minimum MDT such that © () exists for
system (31). Here, only the case of rgv > N is concerned. Then,
the RF -FR will be the union of all the #-FR, in which each #-
FR is associated with its own MPC law (i.e., uy is different since E,,
in (32) used in the MPC optimization is different). In the case that

more than one # -FR with different E,;, cover a same state x, then
uMP€ (£2,,,, x;) can be computed based on any one of them.
The above considerations, together with Algorithms 1 and 2 in
Section 2.4, yield an algorithm to determine RF -FR for system
(29) as below.

Algorithm 4. Determination of R ¥ -FR (Input: 72", 1, Am, ¥m € 1, W)

(i) Define 8y := {(z8)=CDI)} with 8gy.r := {81,00.r+ 82,001+ - - - » OM.(t0.r)
denoting the r' element of 8. Set k = 1,r = 1and 8, = . Compute
©(8(y.r) by Algorithm A2 and E&) by (33), Ym € £; set Fypr {4} = 2.

(ii) Update the new constraints X, = X, © E(") and the feasible region Xy
by solving (3).

(iii) Compute 7, based on (11) and (12). Check if ©; > 8m k),r» cOmpute
Fupr{8m,ao.r}, Ym € 4, by Algorithm 2 in which ¥, is the feasible region
outputted from Algorithm 1; else Fypiyr {8m. 0.} = X, Vm € 4.

(iv) Set Fupr {t"} = (Unmes Fator {8m.co.r DU Fupr {T8 ). 18 . = 1, Y €
I, then exit and output Fypr{t8"}; else check if r = 1, set k = k+1,
r = card{dy}; else set r = r — 1. Update ® (3,,) and Em + Ym € J goto
step (ii).

Further, if Tn(x) = VY (£2m,x) holds, the RAS-FR can
be obtained based on Proposition 2, i.e., modifying Step (iii) in
Algorithm 4 to be “Compute Fj{m,@.r}, Ym € 4, by Algorithm
2 in which ¥, = O ". The verifications on Algorithm 4 to obtain
RF-FR and RAS-FR are similar to Example 3 and omitted here
due to space limit.

4. Conclusions and future work

The switched MPC of a class of discrete-time switched linear
systems was investigated in this paper. The concept of stage MDT
of variable lengths is proposed. By computing the steps over
which all the reachable sets of a starting region are contained
into a targeting region, the minimum admissible MDT ensuring
the persistent feasibility of MPC design was offline determined.
Stronger conditions were also developed to ensure asymptotic
stability (quadratic stage cost and specific terminal cost would be
needed). In addition, based on the proposed concept of ECS and
by determining the ECS of a targeting region that can cover the
states at the switching instants, the state-dependent MDT was
further obtained to reduce the conservatism despite the positions
of the states at the switching instants. For given constant MDT,
the complete feasible region was also determined such that the
switched MPC law can be persistently solved and the resulting
closed-loop system is asymptotically stable via ECS approach.
Based on the findings for nominal systems, the switched tube-
based MPC methodology was further established for the systems
with bounded additive disturbance.

The logic operations in the proposed algorithms (including
Algorithms A1 and A2) are not heavy, hence the computational
complexity of the algorithms behind are essentially dependent on
the computation of reachable sets or controllable sets, for which
certain sets addition, multiplication, intersection and union are
involved (cf. discussions on the question (ii) in Section 2.3). In the
linear MPC context, the computation contained in the proposed
algorithms are relatively tractable, however the complexity will
be dramatically increased in nonlinear setting. Thus one future
research direction will be to extend the obtained results to
nonlinear systems with unknown switching instants. In addition,
the studies on switched MPC for the disturbed systems are
based on the tube with constant cross section (rigid tube);
recent advances in reducing the conservatism that exists for
the rigid tube, such as developed in Rakovi¢ et al. (2011)
can be utilized for further studies on switched tube-based
MPC. Finally, the work is based on the assumption that the
switching signals are instantly known (detectable within one
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sampling period). If there is a detection delay of length greater
than one sampling period for the switching, the computation
of the fundamental reachable/controllable sets in (6), (20)
will involve mode-unmatched MPC actions and the related
criteria/algorithms should be reestablished. The corresponding
asynchronous switched MPC theories will be another future study.

Appendix A. Aided Algorithms

Consider system (15) with MDT set A 2 {Aq, Ay, ..., An},

where A, = Apn + BnKi. For H € Z, let the H-step controllable
set, LP]} (X) be defined as LP}',(X) 2 LPT (LP](X)), y €

Zio -1, where LPT(X) £ {x € X Anx < X} and
LPG(X) = X. Let T} (X) = ﬂtemmmm_” LPT(X),
Algorithm A1 to determine a [A, A]-contractive set 0;0 can be
obtained as below by combining Algorithm 1 in Dehghan and Ong
(2012a)and Algorithm 1in Dehghan and Ong (2013). Also, consider
error system (31) with w, € W, MDT set 3 2 {n1, 12, ..., Mm}-
Based on the definition of H-step reachable set of system (31),
let W1 (%) = Ureppm.2nm—11 LRE(X), Algorithm A2, also shown
below, to determine a MDT RPI set ® () for system (31) with MDT
set 5 can be obtained by combining Algorithm 1 in Dehghan and
Ong (2013) and Algorithm 1 in Dehghan and Ong (2012b).

Algorithm A1l. Computation of [, A]-contractive set ©* (Input: X =
Mvmes Tms> & Amy Am, VM € J)

(i) Compute 8, := XN (My2. 4,1 LPFX)), Vm € 4, and compute
T (A8m), Vm € 4.

(ii) Set k = 1 and let 0} := (., TR (A8m).

(iii) Compute T3 (AO}), Vm € Land let O}, 1= O} N (e, YA, (O})).
(iv)If O, = O, then exit and output 9%, = O}; else setk = k+ 1, and goto
Step (iii).

Algorithm A2. Computation of MDT RPI set ® () (Input: Anm, Nm, VM € 4,
W)

(i)Setk = 0, @(k)(ﬂ) = .

(ii) Compute O11) (1) 2 c0(U ey i (Oy (M)).

(iii) If © 4 (1) = Opq1)(n), then exit and output O (n) = Oy, (n); else set
k =k + 1, and goto Step (ii).

Appendix B. Relation among criteria

Section 2.2 (A4$-MDT)
Thm. 1 (persistent feasibility) = Cor. 1 = Cor. 2

\
Thm. 2 (attractivity) = Cor. 3

Thm. 3 (asymptotic stability) = Cor. 4
Section 2.4 (A4$-FR)
Proposition 1 — Algorithm 1 (¥ -FR)

\
Proposition 2 — Algorithm 2 (44$-FR) <— Lem. 1
Section 3 (RAS-MDT, RAS-FR)

Proposition 3 Proposition 4 Thm. 4
(RF-MDT) (RF A-MDT) (RAS-MDT)
Proposition 2 — Algorithm 4 (R A$-FR)

References

Alamo, T., Munoz de la Pena, D., Limon, D., & Camacho, E. F. (2005). Constrained
min-max predictive control: Modifications of the functional leading to
polynomial complexity. IEEE Transactions on Automatic Control, 55, 710-714.

Borrelli, F., Baotic, Mato, Bemporad, A., & Morari, M. (2005). Dynamic programming
for constrained optimal control of discrete-time linear hybrid systems.
Automatica, 41, 1709-1721.

Borrelli, F., Baotic, M., Pekar, J., & Stewart, G. (2010). On the computation of linear
model predictive control laws. Automatica, 46, 1035-1041.

Branicky, M. S. (1998). Multiple Lyapunov functions and other analysis tools
for switched and hybrid systems. IEEE Transactions on Automatic Control, 43,
475-782.

Chesi, G., Colaneri, P.,, Geromel, J. C, Middleton, R, & Shorten, R. (2012).
A nonconservative LMI condition for stability of switched systems with
guaranteed dwell time. IEEE Transactions on Automatic Control, 57, 1297-1302.

Chiang, L. H., Russell, E. L., & Braatz, R. D. (2001). Fault detection and diagnosis in
industrial systems. London: Springer Verlag.

Colaneri, P., & Scattolini, R. (2007). Robust model predictive control of discrete-time
switched systems. In Proceedings of the 3rd IFAC workshop on periodic control
systems, St. Petersburg, Russia (pp. 208-212).

Dehghan, M., & Ong, C. J. (2012a). Discrete-time switching linear system with
constraints: characterization and computation of invariant sets under dwell
time consideration. Automatica, 48, 964-969.

Dehghan, M., & Ong, C.].(2012b). Characterization and computation of disturbance
invariant sets for constrained switched linear systems with dwell time
restriction. Automatica, 48,2175-2181.

Dehghan, M., & Ong, C.]. (2013). Computations of mode-dependent dwell times for
discrete-time switching system. Automatica, 49, 1804-1808.

De Persis, C., De Santis, R., & Morse, A. S. (2003). Switched nonlinear systems with
state dependent dwell time. Systems & Control Letters, 50, 291-302.

Dorea, C. E. T., & Hennet, J. C. (1999). (a,b)-invariant polyhedral sets of linear
discrete-time systems. Journal of Optimization Theory and Applications, 103,
521-542.

Ferrari-Trecate, G., Cuzzola, F. A., Mignone, D., & Morari, M. (2002). Analysis of
discrete-time piecewise affine and hybrid systems. Automatica, 38,2139-2146.

Franco, E., Sacone, S., & Parisini, T. (2004). Stable multi-model switching control of
a class of nonlinear systems. In Proceedings of the American control conference,
Boston, MA (pp. 1873-1878).

Geromel, J. C., & Colaneri, P. (2006). Stability and stabilization of continuous-time
switched systems. SIAM Journal on Control and Optimization, 45, 1915-1930.

Gorges, D., [zak, M., & Liuy, S. (2011). Optimal control and scheduling of switched
systems. IEEE Transactions on Automatic Control, 56, 135-140.

Hespanha, J. P. (2004). Uniform stability of switched linear systems extensions
of Lasalle’s invariance principle. IEEE Transactions on Automatic Control, 49,
470-482.

Kvasnica, M., Grieder, P., & Baoti¢, M. (2006). Multi-Parametric Toolbox (MPT).

Lazar, M. (2006). (Ph.D. thesis), Model predictive control of Hybrid systems: Stability
and Robustness Eindhoven University of Technology.

Liberzon, D. (2003). Switching in systems and control. Berlin: Birkhauser.

Limon, D., Alamo, T., Salas, F., & Camacho, E. F. (2006). Input to state stability of
min-max MPC controllers for nonlinear systems with bounded uncertainties.
Automatica, 42, 797-803.

Mayne, D. Q., Seron, M., & Rakovi¢, S. V. (2005). Robust model predictive control
of constrained linear systems with bounded disturbances. Automatica, 41,
219-224.

Muller, M., Martius, P., & Allgower, F. (2012). Model predictive control of switched
nonlinear systems under average dwell-time. Journal of Process Control, 22,
1702-1710.

Rakovié¢, S. V., Kouvaritakis, B., Cannon, M., Panos, C., & Findeisen, R. (2011).
Parameterized tube model predictive control. I[EEE Transactions on Automatic
Control, 57, 2746-2761.

Rawlings, J. B., & Mayne, D. Q. (2009). Model predictive control: theory and design.
Madison, WI: Nob Hill.

Turchin, P. (2001). Does Population Ecology Have General Laws? Oikos, 94, 17-26.

Vandermeer, ]. H., & Goldberg, D. E. (2003). Population ecology: first principles.
Woodstock, Oxfordshire: Princeton University Press.

Zhang, L., & Braatz, R.D. (2013). On switched MPC of a class of switched linear
systems with modal dwell time. In Proceedings of the 52nd conference on decision
and control, Florence, Italy (pp. 91-96).

Zhao, ]., & Hill, D. (2008). On stability, L,-gain and H., control for switched systems.
Automatica, 44, 1220-1232.

Lixian Zhang received the Ph.D. degree in control sci-
ence and engineering from Harbin Institute of Technology,
China, in 2006. From Jan 2007 to Sep 2008, he worked as
a postdoctoral fellow in the Dept. Mechanical Engineer-
ing at Ecole Polytechnique de Montreal, Canada. He was a
visiting professor at Process Systems Engineering Labora-
tory, Massachusetts Institute of Technology (MIT) during
Feb 2012-March 2013. Since Jan 2009, he has been with
the Harbin Institute of Technology, China, where he is cur-
rently full professor and vice director in the Research In-
stitute of Intelligent Control and Systems.

Dr. Zhang's research interests include nondeterministic and stochastic switched
systems, networked control systems, model predictive control and their applica-
tions. He serves as Associated Editor for various peer-reviewed journals including
IEEE Transactions on Automatic Control, IEEE Transactions on Cybernetics, etc., and
was a leading Guest Editor for a Special Section in IEEE Transactions on Industrial
Informatics. He is an IEEE Senior Member and Chapter of IEEE SMCS Harbin Section
Chapter. He is a Thomson Reuters ISI Highly Cited Researcher in 2014 and 2015.


http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref1
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref2
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref3
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref4
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref5
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref6
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref8
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref9
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref10
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref11
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref12
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref13
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref15
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref16
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref17
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref19
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref20
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref21
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref22
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref23
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref24
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref25
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref26
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref27
http://refhub.elsevier.com/S0005-1098(16)00011-X/sbref29

L. Zhang et al. / Automatica 67 (2016) 8-21 21

Richard D. Braatz is the Edwin R. Gilliland Professor at
the Massachusetts Institute of Technology (MIT) where
he does research in applied mathematics, robust optimal
control, model predictive control, fault diagnosis, and
advanced manufacturing systems. He received an M.S.
and Ph.D. from the California Institute of Technology and
was the Millennium Chair and Professor at the University
of Illinois at Urbana-Champaign and a Visiting Scholar
at Harvard University before moving to MIT. He has
consulted or collaborated with more than 20 companies
including IBM and United Technologies Corporation.
Honors 1nc1ude the AACC Donald P. Eckman Award, the Antonio Ruberti Young
Researcher Prize, the IEEE CSS Transition to Practice Award, and Fellow of IEEE and
IFAC.

Songlin Zhuang was born in Heilongjiang Province, China,
in 1992. He received the B.S. degree in automation from
Harbin Institute of Technology, China, in 2014. He is
currently working towards the M.S. degree in control
science and engineering at the Research Institute of
Intelligence Control and Systems, Harbin Institute of
Technology.

His research interests include switched systems,
micromanipulation, and design for microfluidic device.




	Switched model predictive control of switched linear systems: Feasibility, stability and robustness
	Introduction
	Background and related work
	Objectives and contributions
	Notation

	Nominal systems
	Preliminaries and problem formulation
	Determination of  AS -MDT
	Discussions on conservatism and computability, and testification
	Determination of  AS -FR

	The case of systems with bounded disturbance
	Conclusions and future work
	Aided Algorithms
	Relation among criteria
	References


