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Abstract— The decreased airport arrival capacity during the demand over a 15-minute period exceeds the capacity.
adverse weather conditions makes the pre-planned airlineifiht ~ Small surges in demand are resolved using airborne control
schedules unachievable, and necessitates the reallocatiof procedures, such as hold patterns, re-routes, and vasatio

arrival resources at the affected airport. This paper consilers . e . .
two different approaches based on market design to resolve N speed (within 10%). Due to the high fuel costs of airborne

the issue of airport landing resource reallocation. Seveda delay, longer surges in demand are resolved by delaying
properties of these techniques are evaluated, including #h flights at the departure airport, known as a Ground Delay

nature of incentives for airlines to participate, report their true  Program or GDP [6]. The disruption of flights in a GDP
preferences, and the desire to minimize manipulation of the implies that airlines can no longer fly their original schiesy

system. The first part of the paper analyzes the problem of d . locati f ai t landi lots. Si
slot trading without monetary payments, and presents suffient and requires a reallocation or airport fanding slots. since

conditions for the existence of stable allocations. The seed the implementation of the ground delay program affects the
part of the paper proposes the combination of optimization- effective allocation of slots, it is necessary to analyze th

based slot trading with a payment-based exchange scheme tha ryles and incentives of GDPs before the airlines can be
ensures that the exchange (the FAA) does not operate at a expected to spend large sums of money in slot auctions.
deficit, while minimizing the extent by which airlines could . - .
manipulate the system by misrepresenting their preference In developing slot reallocation aIgonthmg for GDPs, we
can treat the problem as that of designing an exchange
. INTRODUCTION mechanism for slots, where airlines are self-interestehsg

. . . ) who wish to maximize their utility, represented by the tili
The growing numbers of aircraft in the skies have resulteg 5 they derive from the slots that they are allocated. &her

in a congested airspace, and put a strain on the resources L geyeral issues that must be considered while designing

take_offs and Ia_lndings "‘_‘t air_ports. Several a"PortS ha_m_l besuch market-based mechanisms for slot reallocation. We see
designated abigh-density airportsand are subject to limits 5 go|ytion that ispareto efficientthat is, there is no other

on the number of instrument flight takeoffs and landings of,|ion that is preferable to all airlines. In other worde
aircraft that can be scheduled over a given period of time [1}o6y 4 solution such that no airline can receive a bettarallo
Air carrier schedules are based on reservations for iNEnim i, of siots without some other airline being made worse off
flight takeoff or landing, which are also known sists The - \yjje the objective of reallocation is to maximize the overa

limits on the operational capacity of an airport caused by, e of the tradesaflocative efficiency we also require
constraints on runway operations, gate availability, aimd ay, ¢ the ajrlines are not worse off by participating in thet s|

traffic control, make landing slots scarce resources. exchangeifdividual rationality or voluntary participatior).
While slots at high-density airports have traditionallebe A gtaple allocation is also desirable; we would like to find an
grandfathered, with the success of several combinatorigfocation such that no coalition of airlines would do bette

auctions in recent years, there has been a renewed intresgy, not participating in the exchange, and instead trading
auction mechanisms for slot allocation [2], including aecas,mongst themselves. The set of such stable allocationsds al
study ba§ed at the Hartsfield AtIan'Fa airport [3]. The FAA I%alled thecore. To minimize user gaming, we would also like
considering market-based mechanisms for demand, capagifygesign a mechanism that encourages airlines to repart the
and congestion managementin many airports, including Neyy,e preferences. This could be either expresseddsntive-
York's LaGuardia [4] and Chicago's O'Hare [S] airports.  compatibility, which implies that truthful reporting forms a
An important issue that needs to be addressed is that ghyes-Nash equilibrium (that is, if every other airline oets
slot reallocation when an airline is unable to utilize a slofg preferences truthfully, an airline maximizes its tyilby
that it owns, due to circumstances _beyond its cpntrol. Th'r%porting truthfully) or bystrategy-proofnessvhich implies
could be because of ov’er-sche.dulmg of the airspace (f@ifat truthful reporting is optimal irrespective of the rejso
example, departures in O'Hare airport are sometimes slowgd other airlines. We note that the issue of truthful repati
because of enroute traffic) or because of adverse weathgryreferences arises when the airlines are required te stat
phenomena. Bad weather can decrease the arrival capagi{y preferences of flight-slot allocations, or even bid fotss
of the airport, and sometimes even close an airport dowsbsed on their private valuations.
temporarily, increasing the rate of arrivals (demand) thie In this paper, we consider two possible approaches to the
airport at a later time. The FAA is required to respond wheg,¢ trading problem. The first is a mechanism in which

. o , airlines declare the relative priorities of their flightsyda
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As the mechanism designers, we would like to obtain theechanisms have been shown to, under certain conditions,
pareto-efficient reallocation of slots to flights. Howewse vyield a unique outcome [10] that is pareto-efficient, and in
demonstrate that there may be no stable allocation, that &ddition, are individually rational and strategy-prooi]l

the core of the slot trading economy may be empty. This We fix a priority ordering of flights in the GDP. If an
would imply that the airlines would always have incentiveairline cancelled a flight and created a vacant slot, it is
to deviate or form coalitions, and the system will notallowed to choose one of its flights as the “highest priority
converge to a stable allocation of slots. As a preliminarilight”. If a flight is delayed for reasons not related to the
step to better understand the behavior of this mechanis@DP (a mechanical failure, for example), the airline can
we derive sufficient conditions on the preference relatimins choose to vacate its slot and use the priority it obtains to
airlines that guarantee a non-empty core; we also proposkoose a later time slot. An ordering is randomly selected
an algorithm to determine a core allocation when it existdor the remaining flights from an exogenous distribution of
The second approach is a mechanism that allows paymentsierings. Airlines submit a set of preferences for each of
between airlines for the slots traded. Airlines report tee stheir flights. In the absence of any other constraints, the
of acceptable trades and the associated utility of the tradereference set for flighf would be the set of slots ranging
we employ the techniques proposed by Parkes et al. [7] foom the earliest possible arrival(f) (the most preferred
develop a payment scheme that is individual-rational anslot) to the current slot positiory( /). Given the preference
budget-balanced, that attempts to minimize the ability gbrofiles of flights over slots, we find the matching of flights
airlines to manipulate the payments by deceit, and thad slots using the Top Trading Cycles algorithm [9].
determines the pareto-efficient allocation corresponding  Algorithm 1 (Top Trading Cycles Algorithm):

the declared utilities of the airlines. We begin with the set of all flights and all slots, and

sequentially match slots to flights as follows:
« Each flightf points to its most preferred slot among the

remaining slots under its announced preferences, each
occupied slot points to its occupant, and each vacant
slot points to the flight with the highest priority among
those still remaining. Since the numbers of flights and
slots are finite, there is at least one cycle. Every flight
in the cycle is assigned the slot that it points to, and
removed along with its assignment. If there is at least
one remaining flight and one remaining slot, we repeat

II. GROUND DELAY PROGRAMS

There is currently a move toward Collaborative Decision
Making (CDM) for slot allocation during Ground Delay
Programs [8]. The chief premise of the CDM program is
that an increased data exchange between the FAA and the
airlines will result in improved decision making. Before
the implementation of CDM-based proposals, GDPs were
implemented by assigning flights to slots using a first-come,
first-served algorithm known aGrover Jack The two new
procedures introduced by the CDM program are known as the process.

Ration-By-SchedulRBS) andCompression The algori : . ) : .
. ) . . gorithm terminates in at mastin{|F|, |S|} iterations,
The first stage of a GDP is the RBS algorithm, Wh'Ctheref is the set of flights and is the set of slots.

rations the arrival slots among the airlines on a first-come, . . .
first-served basis, according to theiiginal scheduled time The following theorem describes the properties of the
! 9 eng induced Top Trading Cycles (TTC) mechanism.

of arrival (STA). The rationale behind this is that airlines Theorem 1 (In [11]): For any ordering of flights, the in-

will not forfeit a slot by reporting a delay.o_r cancellation. duced TTC mechanism is pareto-efficient, individuallyaati
Delays, and cancellation of flights by airlines, create gaps
I, and strategy proof.

. g na
in the current schedule. The Compression stage moves fI|gﬁ} ) ) .
up to fill in these slots such that an airline that vacates SExampIe 1 {op Trading Cycles): We consider an exam-

slot receives the slot belonging to the earliest flight thaat c gle scenario of reallocating slots to flights using the Top

- ; o . Trading Cycles algorithm. The initial slot assignmenteaft
utilize the vacant slot. In this manner, there is incentive f the Ration-by-Schedule stage is shown in Fig. 1 (a). The soli
airlines to report cancellations. y 9 9. :

Compression is essentially an exchange mechanism IHes represent initial assignments of slots to flights, levhi

which the objective is to minimize delays, and to maximizé € dotted Iines-represent the earligst arrival times .(S.TA)
slot allocation. It assumes that airlines would like to skie The Top Trading Cycles mechanism allows the airlines to

any flight as early as possible, with priorities based on thieport the order of preference of slots for each flight. Usles

earliest time of arrival. In reality, we would like to allow_t € airline states otherwise, we assume that the only olgect

airlines the freedom to assign more general priorities éotd g's fo decrease delay, and priorities are determined by the

preferences (for example, based on their banking strai)egieamount of delay incurred. However, we could also consider

CDM primarily concentrates on incentives for airlines toOther scenarios, such as, if UAL2 most prefers the 1602 slot

report delays and cancellations. In this research, we densi (F'%' ﬂ1 Eﬁ)')o‘ AUSLZ mtost p:crefeii th1e6 gg’of' floFt_ (F'f' (;L ©)).
the nature of incentives for airlines to participate in a gpP' 19 most preters the slot (Fig. 1 (d)).
and when they do, be truthful in their reports to the FAA. A \wnhen airlines possess multiple flights in a GDP

IIl. SLOT REALLOCATION WITHOUT PAYMENTS It is clear that in the instances in which the flights

In this section, we consider a solution based on the Togorrespond to agents, the top trading cycles mechanism will
Trading Cycles mechanism for house allocation [9]. Thesknd the (single) core allocation. This extends to situation



UAL most prefers Slot 1602 UAL most prefers Slot 1604 AAL most prefers Slot 1606
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Fig. 1. Slot assignments using Top Trading Cycles, for déffe airline preferences. AAL1 and UAL1 are cancelled by dirénes.
in which the airlines are the agents, and each airline owns 2(‘1‘ EZZ Ei 2%
only one flight. Vossen [12] suggests that the case in which 222 254 ZES 237 (l: decreasing
airlines may have more than one flight corresponds to af=2 2 68 ol preferences).
Shapley-Scarf economy with a single type of indivisible —2 54 s Xis

ey y 9 yb S5 0r 53, | B§s | BFs or B

d, in which t Itipl its, and b . — .
goog, In Which agern's may consume mufple units, and by We note that for a given airline, both flights have the same

modifying an example illustrated for such an economy b¥anking of matches. Any core-stable matchiagmust be
Konishi et al. [13], they construct an example of a GDP withych that

an empty core. We note that slot exchange in a GDP where o€ A =3% UTE USY

each airline owns several flights is not quite equivalent to oce A’ =5, U%5 UXt, UXs, Ut

a Shapley-Scarf economy with a single type of indivisible 0 €A =25 UNGs UNs UNGs

good, in which agents may consume multiple units. The 0 € A% = Xi7 U X5 U Xis U g7 U Mg

reason for this is that an airline cannot claim equal costThe intersection of the above sets results in four possible
structure over the slots for all its flights, since that wouldnatchings, Xy, X», X3 and Xy, given by

imply that it would ideally like all its flights to be scheddle
in the same slot, which is not possible. In reality, sincehtisy
are scheduled over different slots in the original schedhke
costs of the slots in the GDP differ from flight to flight.

We show in the following example, modified from [14],

X{ = {s7,s3}, X{ = {s2,s1}, X{ = {s6,54}, X{ = {85, 58}
X5 ={s2,s1}, X3 = {s5,84}, X5 = {s6,53}, X5 = {ss, 57}
X5 = {s2,s1}, Xg = {53,584}, X5 = {s6, 58}, X§l = {s5,s7}
X§ ={s2,s1}, X§ = {s3, 84}, X§ = {56,585}, X§ = {88,587}

We notice that bothY; and X, are blocked byX3 through

that even when airlines only reveal a list of preferences for®> @}, X2 is blocked by X, through{a,b,d}, and X; is
each flight, if an airline is allowed to own more than onélocked by X, through {b, c}. Therefore, the core of this

flight, the core may be empty.

Example 2 GDPs and empty cores): Let us consider a
GDP with 9 slots, 9 flights, and 5 airlines.

f:{flv"'yfg}; 8:{817"'7f9}; A:{a,b,c,d,e}
-7_—@:{172}7 fb:{374}7 fc:{576}7 fd:{778}7 -7:62{9};
Sa = {172}7 Sp = {374}7 Se = {576}7 Sa = {77 8}7 Se = {9}7

game, where airlines can operate multiple flights, is empty.

IV. SLOT EXCHANGES AND THE EMPTY CORE PROBLEM

The fact that the core of the slot allocation economy might
be empty is an important one, since it implies that there
are situations in which there is no stable allocation ofsslot
We note that this alone does not merit the discarding of

The preference profiles for each of the flights, as given byame-theoretic approaches in favor of other (for example,

the airlines are

Q(f1) = (s7,51); Q(f2) = (52,53); Q(f3) = (52, 89, 55, 53);
Q(f1) = (s4,51); Q(f5) = (s6,58); Q(f6) = (53, 58,55);
Q(f7) = (s4,85,58); Q(fs) = (s7,58); Q(fo) = (s0);
Clearly, for any core-stable allocation(fy) = 9. Each
airline, declares its priority order of flights as
P(a) = (f1, f2); P(b) = (fa, f3); P(c) = (f5, fo);
P(d) = (fs, f7); P(e) = (fo).

optimization-based) techniques, since the problem oficoal
tions being formed between airlines will exist, even if some
other reallocation mechanism (with no payments between
airlines) is chosen. Instead, to gain a better understgrafin

the problem, we try to determine conditions on the airlines’
preference profiles that guarantee the existence of a non-
empty core, and also propose an algorithm to determine a
stable allocation within this core.

Suppose the flights extend their preferences over the restin this section, we describe a generalized Shapley-Scarf

of their airline using the rulé such that(1,2) =5 (2,1) >

economy that models GDPs in which each airline (single

(1,3). For example, for airline:, with the priorities defined agent) could own more than one flight. In such a scenario,
as above, from the perspective of flight, this would while side payments between airlines are still not allowed,
translate tofs7, s3} = {s1,s2} = {} (there is no preference it is possible for flightswithin the same airline to pool their

3 for f5). If we were to order the ranking of matchings forresources. The initial endowment to an each flight is the slot
each airline ¢ = {f1, f2}, for example), we would get, for initially assigned to it. When transfers are allowed withim
sets of matching defined as;, = {o(f1) = si, o(f2) = airline, the budget-feasible outcomes are those allocstio
s}, the following ranking of sets: which the total price of the allocated goods to an airlinesdoe



not exceed the total initial endowment to that airline. neutral and monotone preference extension rule, and where

. oY is called the initial matching of.
A. Model of a Shapley-Scarf economy for slot reallocation pefinition 4: Let & — (F, A, w6, 0% be an economy. A

We broadly follow the notation of Laffond and Laine [14]. matchingo is said to be unblocked if there exists o= 7
We denote the set of positive integers by Let F — and noo’ € ¥ such that:
{1,2,---,n}, n € N denote a finite set of flights. Let 1) VAE€A[ANJ#0] = [ACJ]
S e {1, ---,n} be the set of (indivisible) slots. A matching g; 3‘}66‘;_ 7 ?(ZQ&) — oO(f)
o is a bijection fromF to S, whereo(f) = s means that . .
slot s is allocated to flightf. We denote byt the set of all ~ 1hecore of & is the setC(€£) of unblocked matchings.
possible matchings. Letl = {A;,---, Ay} be a partition Definition 5 A qeutral preference extension rule is
of F into different airlines. We denote byt(f) the unique transfer-consistentif vr € II, Vo, 0’, Vf € F,
airline which operates the flight. i) (@) =15y (0"), k # KK K< K" andrf, (o) =
Individual flight preferences are given by two linear OI’-Tg”(f)(U/) < TR (0) = Tz/(,f)(o'/)] = [ods(m)o’].
ders: P/ is a linear order oni(f), which describes how the  Definition 6: A neutral preference extension rulé, is
flight positions its importance relative to the other flightsstrongly separableif V(w,ws, - - -, wk), (21,22, - -, 2zx) € Q
owned by the same airIinePfS is a linear order onS, such that alkw;s not equal, and al;s not equal,
which describes howf values slots. Therefore, flighf's — [(wi,---, wk) =5 (21, -, 2x)] = o
preferences are denoted By = (P}, P7). [3i such thatvz; € {1,---,n}, j #,
A profile 7 € Tl is a vector( Py) ;e  of flight preferences. (@1 Wiy, @) s (21,05 2]

We denote by (s) the rank given byP$ to slots. z(f) Strong separability implies that when comparing two dis-
is the flight injA(f) having rank z ef{l LAY joint ordered rank vectors, only one coordinate matters.

according ton. 1(A;) denotes the set of flights iA,, that

are ranked first (highest priority) by at least one member

Ap. 1z(f) is the slot inZ C S flight f most prefers. We can guarantee a non-empty core for a slot reallocation
The set of all preferences ol is denoted by¥w. A economy by placing restrictions on the preference extensio

preference extension rule is a mappifiigrom II to . A  rules.

preference extension rule describes how an airline derives Theorem 2 (Non-empty corejet € = (F, A, r,8,0°)

from the set of a_II original orderings of its fI_ights ar_ld slotSpe an economy in which the preference extension rules

a complete ranking of matchings for a particular flight. Wey 416 neutral, monotone, transfer-consistent, and strongly

assume that for all flights in an airline, the same eXte”Si%parable. Then, the econorfiyhas a non-empty core.

rule is applied {f € a = A(f), d7 = da). Proof: This theorem is proved in the appendix. It is
There are several possible restrictions on the set of pref- proof by construction, and describes an algorithm (the

erence extension rules. We considee II, o € ", and let  Generalized Top Trading Cycles sequence) that determines
f e F. Ther-ordered rank vector o for f is given by 4 ajiocation that is in the core of the economy. -

S7(0) = (17 (@), 75 (0); -, Ty ) () _ _

Definition 1: Let § be a preference extension rule. TheriThe class of preference extension rules for which we can
0 is said to beneutral if Vo, o’,v,7 € X, Vr, #/ € II, guarantee a non-empty core is quite restrictive, but irelud
[ST(o) = S}“/(a’) and S7(y) = S}’/(y’)] = {[ods(m)y] & the set of lexicographic rules. Therefore, if airlines or-
[0'8 ()]} der their flights according to priority, and rank allocason
A neutral rule describes a specific non-selfish way to evalualexicographically across the vector, the core is non-empty
matchings. It implies that the “name” of the slot does noSimilarly, lexicographic ordering subject to the consitai
matter when ordering matchings. Each flight (individual) fthat no individual flight receives a worse allocation that
considers first the well-being of its most preferred flighits current slot is also an acceptable preference relation t
1(f), then the preferences &f(f), and so on. Therefore determine an allocation that its within the core. If the core
the comparison of two matchings by fliglt requires the is empty, the FAA would have to implement rules to ensure

(ﬁ. Guaranteeing a non-empty core

comparison of two vectors if2; = {1,---,n}A)l. As a that the market converges; these rules would have to enforce
result of neutrality, foro,0’ € X", f € F, andw € II, stability by preventing the formation of coalitions by aids.
[067(m)o’] will be equivalent to[S7 (o) = SF(o”)]. The investigation of the incentive-compatibility or

Definition 2: A neutral preference extension rule is strategy-proofness of the Generalized Top Trading Cycles
monotone if Vr € II, 0,0’ € X", Vf € F, d(x) is such algorithm, under the restricted preference extensionsrule
that[SF (o) < SF(0’)] = [od(m)o’]. that guarantee a nonempty core, is a direction for future

Monotonicity means that an individual (flight) is (strickly research. It can be shown that in the most general scenario
better off when moving from one matching to another Paretan which airlines have preferences over the set of all péessib
improves the welfare of the airline to which it belongs.  matchings, the problem is quite similar to models of voting

Definition 3: An economy¢ is a 5-tuple(F, A, 7, §,0°), schemes [15]. In this case, the only matching rules that are
where F is the set of flights,A is the partition of flights strategy-proof and Pareto-efficient are dictatorial ruies
among the airlines, wherér, o) € 11 x X, where§ is a  which one airline gets to make the decision.



V. SLOT EXCHANGES WITH PAYMENTS We consider the formulation shown in (1). The optimal

We now consider a different approach, namely one ifrade (forthe reported values) is givendsyy, and the optimal
which monetary transfers are allowed between airliness Thyalue isV* = ZsGS.ZteTS sty e dgnote by(V._,%)*
is a marked deviation from the current system, and th&€ optimal value without any participation from airlime
acceptability of such a scheme to the various stakeholdeYsa = 2_ses\s, 2ter, VstT5; IS the value of trade; to all
needs to be studied, but is beyond the scope of this work@irlines except. Then, the Vickrey payment [17] to airline
We consider the problem of a general slot exchange mech-S computed as
anism, in which airlines bid for slot trades, and paymengs ar Dvick,a = (Vo)™ = V7. (2
determined when the market is cleared, that is the allotatio Negative payments imply that the airline receives money
of slots is determined. Vossen and Ball [6] model the slofrom the exchange (FAA). The Vickrey discount is defined
trading mechanism as an optimization framework in whiclas the difference between the bid and the payment, that
the FAA acts as the mediator (in other words, the exchangég, Ay, = Zsesa Zten Vst T — Dyick,a- The Vickrey
They consider the scenario in which airlines make offers ipayment is individual rational, because the discount isigsv
the form (s, T;), wheres is a slot andT is the set of all non-negative. Similarly, the allocation is also indivitua
slots that the airline is willing to receive in exchange forrational because the airlines only bid on preferable trades
relinquishings. The airline also submits ("bids”) the value and are allowed to reserve a slpts) for a flight in the
of each tradey,,, t € T, which is the value it would derive event that none of the preferred trades is accepted. Vickrey
by trading slots for slot ¢. In addition, the airline is also payments can also be shown to be strategy-proof [17]. We
allowed to define a slop(s) from among the slots it owns, now demonstrate using a slot trading example that the VCG
which is the slot that it will retain if all the trades ifi, are  mechanism can result in a failure of budget-balance.
denied. We require that the mappipgs) is a one-to-one  Example 3 §lot trading with Vickrey payments):
mapping. The allocation of slots (winner determination) iConsider 3 airlinesA = {A4,B,C}, which operate 6
then determined by value maximization, using the followinglights, such thatF, = {f1, fs}, Fs = {f2, f5}, and
formulation: Fo = {fs fa}, and the initial slot assignments are
maximize Zses ZtETS Vst L st Sa = {81, 86}783 = {82785}, andSc = {83, 84}. SUppOSG
subject to Sier Tt Fys=1 Vs€S f1 is cancelled (airlineA will trade slot s; for any other
Z Tis + Yom -1 VseS (1) SlOt). T51 = {SQ, S3, 84, 85756}, Ts2 = {51}, T53 = {81752},
t:s€Ty 718 p=(s) TS4 = {82,83}, TS5 = {81782,83}, TSG = {82} In the
zst, Ys € {0,1} Vse€ S, t€Ts  following discussion, we use the symbdl to denote the
wherep=(s) = {t : p(t) = s}. The variablex,; = 1 for  unit of currency used. The airlines report the value of tsade
somet € T, when the airline receives slotin exchange for asw,,; = 0 for all ¢, vs,s, = $10, vs,s, = $20, vs,s, = $10,
slots. The variabley; = 1 if the offer (s, Ty) is rejected, and vs,s, = $20, vs,s, = $10, vs,5, = $40, vs,5, = $30,
0 if it is accepted. The above formulation would determine,_,, = $20, andv,,,, = $40. Then, the optimal flight-slot

the efficient allocation if the airlines bid truthfully. assignments and Vickrey payments are given by
The next task is to determine the payments by (or to) [ Airline T Flight | Initial | Final | pvick |

the airlines, depending on their declared value for theetrad A F1 S1 - $10

As before, we would like the payment rules to satisfy Eg gg gi

individual rationality, that is, no airline should be worse B F5 S5 S5 | 310

off by participating in the exchange. Since the FAA will c F3 S3 S3 0

be operating this mechanism, we require that the exchange F4 S4a | sS4

does not run at a loss, that is, we require budget balandihich implies that the FAA (exchange) would run at a loss

In addition, since the payments are being computed bas@f$20-
on the values (bids) declared by the airlines, we would lik8. Approximate Vickrey-based payments

to minimizg the extent to which thfa airlines can mar)ipulate We employ the approach proposed in [7], and determine
the allocation and payments by misrepresenting their €alug nayment scheme that minimizes the distance from the
(i.e., we would like strategy-proofness). _ Vickrey payments, subject to the budget balance consstaint
It is weII—knqun that there is no exchange _mechanls_qh other words, we would like to minimize thel§ or
that can be efficient, budget-balanced, and individuab¥ati £..) distance from the Vickrey payments, but constrain the

nal [16]. As an alternative, we follow the approach prOposeHayment scheme to be budget-balanced (that is, the sum
by Parkes et al. [7], wherein we enforce budget-balance apg payments from all the airlines must be nonnegative).

ininiduaI rgtionality, aqd try to achieve a fairly efficieand Therefore, in conjunction with Problem (1), we solve the
fairly incentive-compatible scheme. following problem, written in terms of the discounta;

A. Vickrey payments minimize || Avicx — All2
Vickrey-Clarke-Groves (VCG) pricing mechanisms sup- such that - _,. A, < V* [Budget-balance]
port efficient, individual rational and strategy-proof ex- Ay < Avicka, Ya € A* [Discount< Ayick]

changes that are, however, frequently not budget-balanced Ay >0, Va € A [Indiv. rationality]



where A* is the set of airlines that participate in theWe believe that this analysis is an important first step to
optimal trade. It has been shown in [7] that the solutiomnderstanding the behavior of the slot trading market.

to the above problem can be written analytically as = Monetary transfers between airlines during slot realloca-
max(0, Ayick.o —C), WhereC' = ZaeA*ﬁ# (Thresh- tion is a significant shift from the current paradigm, and
old rule). requires a detailed analysis from a policy and stakeholder

It has been shown empirically that the Threshold rul@erspective to determine acceptability. However, it isacle
applied to exchanges results in a mechanism that hasth@t any such system would have to ensure that the FAA
relatively high level of truth-revelation by the agentsdan does not operate at a loss, and that manipulation of the
therefore a high level of efficiency [7]. allocation by the airlines be limited. For this reason, we

Example 4 Glot trading with the Threshold rule): We have proposed the combination of a payment mechanism
return to the scenario in Example 3, and apply payment§at uses approximate Vickrey payments in combination with

according to the Threshold rul€. = (50+20—50)/2 = 10. an optimization-based approach to slot exchanges. Future
This implies thatA, = $40, Ap = $10, Ac = 0, and research will involve an extensive empirical study of the

pa = pr = pc = 0, which is budget-balanced. incentive-compatible properties of this mechanism when
It must be borne in mind that while the Threshold rulé?PPlied to typical airline slot valuations.
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Definition 7: Let p = (ps)ses € N" be a price vector. Lef €

F. Theweak budget setof f facingp is the subset of matchings either (n,n, - -

A(p, f) = {U eX: ZiEA(f) Do) < ZiEA(f) pao(i)}'
We now define weak equilibrium concepts for the econafny-
(F,A,m,8,0°).

Definition 8: Let p = (ps)ses € N™ be a price vector. Aveak
p—optimum for A(f) is a matchings € A(p, f) such that there
isnoo’ € A(p, f) — {o} which satisfiesr’'5;(m)o Vi € A(f). We
denote byW(p, A(f)) the set of all weakp—optima for A(f).

Definition 9: A cooperative weak price equilibriumfor £ is a
pair (o,p) € ¥ x N" such thatvA € A, o € W(p, A). We denote
by We.oop(E) the set of all matchings that can be implemented
a weak price equilibrium.

Allowing for transfers between the flights owned by the same

airline, we now consider the benefit to the airline, insteadhe
individual flights. This results in economies with no eduilum,

as well as economies in which the Top Trading Cycles mechanisThen, j €

results in non-equilibrium matchings [14].

Lemma 1:Let £ be an economy. TheWeoop C C(E).

Proof: Leto € Weoop(€) and letp = (ps)scs be the associated
equilibrium price vector. Suppose ¢ C(£). Let J and o’ be
defined as in Definition 4. Lef = Uy—; ... g/ An, WhereA, € A.
Condition (2) implies thatvh, Vi € A, o'd;(w)o. Therefore,
from the definition of a wealk—optimum (Definition 8),[Vh, o €
W(p, An)] = [Vh,Vf € Ap, o’ ¢ A(p, f)]. From the definition
of weak budget sets (Definition 7)., 1, Po'(i) > > ica, Poo(i)-
Summing over, one getsy~, >-c 4, Po’(i) > 2o Dica, Poo(i)s
which is impossible because Condition (3) of Definition 4 liep
that Usea, o’ (f) = Usea, c°(f). Therefore,c € C(£), proving
that Weoop C C(E). [

We begin by considering the following lemma. Let us suppose 3)
an airlinea is faced with several possible choices of allocations

(all feasible) to its flights, and must evaluate them. Letdiéne

operate K flights, and let the ordered set of ranks accessible to 1)

flight f from among the allocation choices be denofed’.

Lemma 2: Let © be the set of all economies where the extension

rule § is neutral, monotone and transfer-consistent. Suppese
© is strongly separable. Leb/® = {7 »{ ... »0} i €
{1,---,K}, be K subsets of 1, --,n} such thaf M| = ... =
M| = X, andr{? <. <7, Vi. Let

RO — {Tu) e MO (W, ...pD L pEY (O Oy

V@ g9 (j #£4i) € MY, y@ ¢ MO — {,,m}}.
Then, U;R® = {r"}, for some value ofj € {1,---,K}.

We denote this unique integer in the set;M(® by
R(M(l),M(2), .. ,M(K)).

Proof: Supposedr € R®™ — {r{"’}. Then, by definition,
(r.();)77‘g?)7 Ty '7TE(K)) >-6a (T}(l)vr.()?)v’ Ty 51)7 e 7r.(>{K))7

which, however, violates the monotonicity &f. Since this is true
forall i € K, #r € R® — {7V}, for anyi. This implies that
U;RD C (D 2 o pFOY infact, foranyi, j € {1, -+, K},
RO URWD C {7V r}. We can assume, w.l.o.g, thak ;.
SupposeR™ U R = {r{" r9} This implies that

1 @ j K 1 @ K
(T;d)... I OB S C DR C B IRC S
an
I B B € F O S B C B B C 30

This is not possible, since the two conditions contradicheather.
Therefore, R U RY) = {r;}, or {r;}, or §. Using induction,
itis clear thatlJ,_, ,, R = {r{”’}, for somej, or 0. Suppose
U, R = 0. This implies R®) = §,Vi. This implies that there
does not exist am® such that

(:C(l)7-~'7T(i)7-"7£C(K)) -5, (y(1)7~~~,y(K)),

| VoD, y@ e M) y® :'M(i)_ir(i)}'
- (T§)7~~',TY),~~~,T§<K)) <s, (T§1>7...7Tg1)7...7rlK>
:>(n7"'77l§i)7"'7n) =4 (Tgl)f"7Tgi)7"'7T§K))‘

This, in turn, implies that _
'77'51)7"'7”) 5, (7747?1,“'77'51),'“,71), which
violates monotonicity, or it implies thatj # ¢ such that

(n7n7...r§j)7...n7...7n)>.6a (nyny...n7...fr§i)7...7n). (3)
Let 7(i) = _ _
Ji(an,rD e n) s, (nnyeone e e 0}

If 7(i) = 0 for somei, it implies thatlJ, R # 0.
Let us assume thay (i) # 0, Vi. Supposej € J(i) andj’ €
J(4)- Eqgn. (3) implies that

(" &)
%777,7“',7“1 7...7n7...7n) =6 (n,n,~~~7n7-~~,r1 7...7n)
(%)
>-6a (n7n7"'7n7"'77‘1 7"'7n)'

Consider7 ™ (i) = J(T(--- T (i) - -)).

TR @) = ¢ {UZy TV(0)}, where 7O (6) = i.
Suppose U,V 7@ (i) = K — 1. Then,

3 (only one)s ¢ {Ur=, 7" (i)} such thats € 7™ ().

= (nn,-rV e ) ss, (e neee D ).
However, (3) implies thaBit’ # s, such that
(n7n7".771;5)51)7"'7”7"'7”) ~6q (n7n7~~~,n,~~~7r58)7~~~,n),
t' ¢ {UZy JY()}. This is a contradiction, implying that
U, R® #0. n

We considert € N, and letS; C S be a subset of slots and
F: C F be a subset of flights such thg;| = |7;|. Let £ be an
economy such that € ©, andi € ;. We define

1) Qi ={re{l,---,n}:3s €S, such that = r](s)}.

2) by =min{r € Qi} =17 (1s,(i)).

Supposey, " = R(Q;",---,Qi""). Then,

gi | RG), kG)
R k(i) ¢
ForA = A(Z) = (f17"'77:7"'7fK)'

0:(A) = {0:(f1),-++,0:(0), -+, 6:(fr)} with the conven-

tion that if f; ¢ Fi, 0.(f;) = 0+(k), k = m(j) such that
m = min{m : m(j) € %}, according toP; .

5) 0:(F:) = Uier, 0:(i).
0¢(7) is well-defined for any € F;, from Lemma 2, ifd is strongly
separable.

Definition 10: Let £ be an economy wherge€ ©. Let S; C S,

Fi C F, such that|S;| = |F:|. Let o andy be two one-to-one
mappings fromF to S. Then,~ is said to ber—feasibleif for any

f € Fi such thaty(f) # o(f), and A = A(f):

f € 6u(A) = (/) = 15, (f)].

¢ 6:(A) = [j € 0. (A(f)), for somej € A(f), f € Fi, j #
fandy(f) = a(j5)]-

The set ofoc—feasible matchings fron¥; to S; is denoted by
]F(O'7 ft, St)

The above definition of—feasible matchings specifies the proce-
dure of moving from one matchin@) to another ). In particular,

if a flight f is called in a claim (some flight in the same airline
calls for f to get its most preferred slot), thef is assigned its
best slot among those available. If fligfitis assigned a new slot
without being called in a claim, then some other flight owngd b
its airline (denoted flighy) is given its top slot, and’ is assigned
the sloto(5) originally assigned to flighy.

Lemma 3:Let £ be an economy in whichh € ©. Let S; C S,

Fi C F, such thaiS;| = |F|. Let o' be any one-to-one mapping
from F to S. Suppose that'f € F, N0, (A(f)), o' (f) # 1s,(f)-
Then, there exists a matching™' € F(o, 7, St) — {0}

Proof: We define, for flightj and airlinea = A(j),

C\ = {fi € a:0u(fi) = j, fi € 0.(A(7))} U {j}, ¥j such that

10:(AG))| < |AG)], 1C5™] > 1. We note thay>; |C5*)| = |A(j)].
LetC! = Ua Ujea CI7. Letj € €40 = 0,({*9)). We note

that each element in the s& — C! is a singleton set. Lef be a



directed graph defined ofC' U [F; — C*]}?, with arcs described

byVC € C*,Vf € Fi—C' [(C, f) € G & o' (f) = 1s,(6:(0))],

and|((f,C) € G & 15,(f) € o' (O).

VO, € C, (C,0") € G & 1s,(0:(C)) € o*(C)

Vi f e Fe—CL (f. ') €G o a'(f) = 1s,(f). _
SinceVf € F N 0.(A(f)), o' (f) # 1s,(f), each vertex in

G has a single outgoing arc.€., the out-score is one). Therefore, _ _ o _
the directed graplgy contains a cycle. Let us denote this cycle bydefinition, V), 4 € Qiﬁ})) vy e Q
J

T ={cj}j=1,..,s where(cj,cj+1) € G for all j, andcjy1 = c1.

The new mapping fronF to S, denoteds'"!, is given by

Vi, [ej € C'] = [0"71(0:(c5)) = 1s,(0e(cy)) € o' (cj41)], and
[f € c; = {0:(c;)}, anda'(f) € {1(0(cj-1)),1(cj-1)}] =

[0 (f) = 0" (0u(c;))].

Vi, les ¢ €11 = [0 (¢j41) = 1s,(a5)]-

The mappings'*" satisfies the conditions of Defn. 10, and there-Therefore,

fore o't € F(o, 7+, Si) — {o'} (i.e, o't is o' —feasible). m

The Generalized Top Trading Cycles (GTTC) algorithm [14]say. Now, if p,,,/

consists of constructing successive—feasible matchings, starting
from an initial matchings®.

Algorithm 2: (Generalized Top Trading Cycles Algorithm):
Let & (F, A, m,60° be an economy wherd < ©.

of generality) thatS% (¢7) = (b{ffz), iy v,b{(lfl), iy -,btf(’};/)), e,
@ = t(f1). Then,o'6;+ ()0 " = SE(0") =5 SE(0 )
= SE(0) = (1Tun(0), - rTie) (0], T i) (0))
= bl bl B ). (4)
But b = RIGHL) Q- QL. Thretore, by

t((fl))'
(ZI)(l), T b7{(1f1)7 e 71;(K,)) 5 (y(1)7 e 7y(i)7 e 7y(Kl)) (5)
Therefore, from Eqgns. (4-5), it follows that (a1) = o7 (f1).
Let A" = A — {f1}. Then,¢(f2) = min;e s t;.
Claim: ¢’(A") C Si(f2).
Suppose not. Then, there exists € o'(A") N Si, t < t(f2).

>

K K’
T = R 2 i —Kt?m = _“’_({4,)'
w(A”), the budget constraint (Definition 7)
|mbp||es lthaltzjeg,(ﬁ,),{m/}pj =0 WhICh in turn means that
Vj € o'(A") —{m'}, p; = 0, which is not possible. Similarly,
Pmt > w(A’) implies thathEA/ Do’ (5) > ZjeA' Pso () which
in turn contradictss’ € A(p, f1).

1
Pm/ > el

The generalized top trading cycles sequence is the sequencepg before, by the definition OF, o’ (f2) = o7 (f2). Similarly,

{ft,ShUt}t:o,...,T defined by
1) Fo=F, S =S8
2) vt e {0,---,T},
if Ay ={f€0(F):c"(f)=1s,(f)} #0, then
a) Fiv1 = Fr — Ay
b) O_t+1 — O_t
C) St+1 =85 — O't(At)
if A, =0, then
a) B: = {f € 0(F) : Yot (f) # o' ()}
b) Fit1=F — ]Btt
t+1 _ a'(f), &€ F
D=\ wnf) fem
d) Sit1 =38 — Yt (Br) = Utﬂ(}-ﬂrl)
where,: is the maximal element iff (¢!, F;, St)
3) Fre1=8r41=10
Proposition 1: Let £ (F, A, 60° be an economy in
which§ € ©, ¢ strongly separable. Let” be the matching obtained
through the GTTC sequence given By= {F:,S;,0'}i—o0,....7.
Then, o™ € Weoop(£).

it is possible to show, foi = 1,---, K’ —1, thato’(f;) = o™ (f:).

Sinceo’ € A(p, f1), then,pyr(s,.,) < PoT(fre) = —Kmch,)- The

definition of T implies thato” (fx+) = Lsys,0) (fxr). SinceVi =

L, K' —1,0(fi) = o7 (), ando” (frr) = 15t(fK,)(fK/),

o'8;+0T contradicts the monotonicity af (Definition 2).
Therefore, for anyd € A, o7 € W(p, A).

We have shown that in the case of economies in which the pref-
erence extension ruleis neutral, monotone, transfer-consistent and
strongly separable, the GTTC sequence terminates in acasto
that is a cooperative weak price equilibrium, and is therefo the
core of the economy from Lemma 1. ]

Example 5 A GDP instance using the GTTC algorithm):
Consider a GDP with 6 flights, 6 slots, and 4 airlines.
Let Fo = {f1, f2, f3, fa, f5. fo}, So = {s1, 82, 83,84, 85,86} and
A ={a,b,c d}.
Fa=Af1, f2}, Fo = {fs} Fe =A{fa}, andFa = {fs, fe}.
Sy = {81, 82}, Sb = {83}, S. = {84}, ande = {85,86}.
The preference profiles for each of the flights, as given by the

Proof: Let K be the number of flights belonging to the largestairlines are

airline in the GDP,i.e, K = max; |A(4)|. Let ¢(f) be the stage
at whicha'™(f) = o7 (f). Let p = (ps)ses be the price vector
defined byp. = 2+, Vs € t,:(B:) U A;. Consider anyA =
(flv;"va’)eA' Then, ,

i1 PoT(5) = Dict TR = 2oie1 Poo(5)-

Therefore, by Definition 74, o7 € A(p,i). Let us suppose,
without loss of generality, that(f1) < ¢(f2) < --- < t(fk/).

We need to prove that” € Weoop(E). Let us assume to the
contrary, that it, thate” ¢ W(p, A). Then, there existy’ €
A(p, f1) such thato's;(m)o™, V5 € A(f1).

Claim: o/(A) C Si(f1)
Suppose not. Then, there exists € o'(A) N S, t < t(f1).

Therefore,
K/

I Kt(_flm—l = . 2 w2 Zi:_l m =
w(A), say. Now, ifp,,» = w(A), the budget constraint (Definition
7) implies thatd " . /4y (,nry Pi =0, _whlch in tum means that
Vj € o'(A) — {m'}, p; = 0, which is not possible. Similarly,
P > w(A) implies thatd 4 por(j) = D ¢ 4 Poo(s), Which in
turn contradictss’ € A(p, f1). This proves the claim that'(A) C
Si(f1). Leti™ € A such thatf, = 0,4,)(¢"). From the definition

K K’

of the GTTC sequenc&, S&(c7) = (b{(lfl)7~~~7bf{}’}(/)), or
some permutation of it, wheré[gfi) = R(Qtl((f;)7~~~7Q§;§f;)),

t £ o2 15D e {i(f1), -+, t(fxr)}. Suppose (without loss

Q(f2) = (s2, 3, 56,54, 55, 51);
Q(f3) = (84755733732751756); Q(f4) = (86753754732731755);

Q(f5) = (822 S5, 54,56, S3, 81)_; Q(fﬁ) = (827 55,54, 56, 53, 81)‘
Suppose flights extend their preferences over assignmeie t

other flights in their airline in a lexicographic manner. Wewn
apply the Generalized Top Trading Cycles Algorithm (Algiom
2) to the exchange of slots in this GDP.
lterationt=0: Fo = F, So = S, o°(fi) = si.
0o(a) = {f1, [}, 0o(b) = {f3}, Oo(c) = {f}, Oo(d) = {fs, fo}.
Ao = {fo} # 0.
t=1: ]:1 :{f17 f37 f47 f57 f6}7 Sl :{517 S$3, 54, S5, 86}701(fi):5i-
61(a) = {f1},61(b) = {fs},6:(c) = {fa}.61(d) = {f5. fi}.
AL ={fs} #0.
t=2: Fo = {f1, fs, fa, fo}, S2 = {51, 53, 54,86}, 0°(fi) = si.
02(a) = {1}, 62(b) = {fs}, 02(c) = {fa}, 02(d) = {fo}.
Az =0, B2 = {fa, fo}. 7(f1) = s3, 7(f3) = 54

' siyi € {1,2,3,5}
t=3: Fz = {f1, f3},S3 = {51,853}, 0°(fi) =qs6,1 =4

84,’i =6

Os(a) = {f1} 0s(b) = {fs}; As = {fs} #0.
t=4: Fy = {f1}7$4 = {81}704(fi) = US(fi)v Vi.
Os(a) ={fi}i Aa={fi} #0. S
The final assignment of slots to flights (airlines) is given by
Sy = {81,82}, Sz, = {83}, S. = {86}, ande = {85784}, and is
in the core of the economy.

(f1) = (s2, 53, 56, $4, 55, 51);



